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Abstract 

With a rigorous renormalization group approach, we study the pressure 
of the two dimensional Coulomb Gas along a small piece of the Kosterlitz- 
Thouless transition line, i.e. the boundary of the dipole region in the activity- 
temperature phase-space. 
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1 Introduction 

Occasionally in Statistical Mechanics the study of a special model inspired major 
advances of the general theory. This was the case, for example, of the exact solutions 
of the two dimensional Ising and Six- Vertex models in the ambit of the theory 
of universality; and was certainly the case of the Renormalization Group (RG) 
analysis of two dimensional Coulomb Gas as prototype of the Kosterlitz- Thouless 
(KT) transition for systems with long range interactions. 

Two dimensional Coulomb Gas is the statistical system of point particles on a 
plane, carrying a charge ±1, and interacting through the two-dimensional electro- 
static potential that, for large distances, is 

1 

V{x-y) ~ -—\n\x-y\ . 

An ideal realization of the model is a system of infinite, parallel, uniformly charged 
wires in thermal equilibrium; historically it was proposed as a model of strongly 
magnetized plasma (see introduction of [15] and references therein). Very soon, 
anyways, the Coulomb Gas acquired a great theoretical importance, for Berezin- 
skii, and Kosterlitz and Thouless, [21], found in it the solution of a puzzling 
dichotomy in the theory of the two dimensional XY model: the spin-wave approxi- 
mation (quite reliable for low temperatures) predicted, in agreement with the gen- 
eral Mermin- Wagner argument, absence of order and power law fall-off of the spin 
correlation; on the other hand, high temperature expansion clearly demonstrated 
exponential decay of the correlations. The two scenarios were merged together 
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by the fundamental observation that the former picture did not take into account 
the spin configurations with vortex excitations, which interacted through the same 
logarithmic potential written above. 

Using RG ideas, Kosterlitz and Thouless, [26], [25], were able to obtain the 
diagram of phases of the Coulomb Gas (and so of the XY model) depicted in FigJH 
where z is the activity and /3 the inverse temperature. At high temperatures, the gas 



is in the plasma phase - or Debye screening phase: the configurations of significant 
probability are those in which the long-range electrostatic interactions generated 
by a uniform density of particles of opposite charges almost cancel each others, 
resulting in an effective, short range potential; as consequence, the correlation length 
is expected to be finite, and certain screening sum rules are conjectured. Low 
temperatures, on the contrary, favor the formation of pairs of opposite charges, the 
dipoles: the effective range of the interactions remains long, and the correlations 
length is infinite; this regime is the dipole phase - or KT phase. In between the two 
phases, there is (at least) one critical curve, that is called KT transition line, and 
was found to intersect the z = Q axis at /3c(0) = Svr, [2S|. This picture represented 
a new kind of phase transition, because all the temperatures below /3c(^) are, in a 
sense, critical; in fact, approaching lic{z) from higher temperatures the correlations 
length is expected to diverge as ^ ~ exp[c(z)|/3 — [3c{z)\~^], as opposed to the 
^ ~ 1/3 — Pcl^" (or ^ ~ In 1/3 — [3c\) of the second-order phase transitions. 

After the pioneering analysis of Kosterlitz and Thouless, efforts of many au- 
thors were addressed to the topic, in search of stronger evidence of the KT phase 
transition: the reader interested in theoretical physics works can find useful discus- 
sions and a good selection of references in [T], [23] and [TJ] (see also the conjecture 
in [SU] of an infinite series of KT transition lines, intersecting the z = axis at 
/3c,n(0) = 87r(l — l/2n), n = 1, 2, . . . oo; and criticism in [33]). 

The first major rigorous result was the proof of Frohlich and Park, [IT], of 
the existence of the thermodynamic limit for pressure and correlations. Later on. 




Figure 1: Diagram of phases: the separatrix is the KT line. 
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Frohlich and Spencer, [18], [19], proved, for (3 large enough, an upper and lower 
power-law bound for the correlations of fractional (i.e. non-integer) charges; then, 
refinements of the same technique allowed Marchetti, Klain and Peres, [29], [27] [28] , 
to cover increasing regions in the dipole phase that eventually included the point 
{/3,z) = (87r,0), but not the rest of the KT transition line. Despite its fast im- 
provement, Frohlich-Spencer method seemed to have some unavoidable limitations: 
it could not provide the exact power of the correlations fall-off, nor could exclude 
logarithmic corrections to such decay (which actually were expected along the KT 
transition line); and it did not provide any useful bound for correlations of integer 
charges. For this reasons, different authors started developing an RG approach to 
the model - at the beginning in some approximate form: hierarchical metric, or or- 
der by order in perturbation theory; see [2], [30], [12], [33], [21], [3]. Later, Dimock 
and Hurd, [H], achieved a rigorous construction, under no approximation, of the 
pressure in a region of the dipole phase that included (/?, z) = {Sn, 0) but not the 
rest of the KT transition line; they could not discuss charge correlations, though. 
Finally, the only rigorous result on the plasma phase is the work of Yang, [35] , that 
extended to dimension two the proof of the dynamical mass generation for small /3 
obtained in [6], [8], for higher dimensional cases. 

The objective of this paper is to study the Coulomb Gas along the KT transition 
line, for small activity. Using the general RG approach of [5] and some model-specific 
ideas in [H], we are able to give a constructive proof of the existence of the pressure. 
We shall not discuss here the critical exponents of the correlation functions; but in 
view of the bounds of this paper, the task should not be difficult and we plan to 
pursue it in a possible forthcoming work. 

Besides, we shall not consider in these pages more complicated models studied 
by Frohlich and Spencer, such as the XY, Villain, discrete Gaussian, Z^-Clock and 
the solid-on-solid models, because they require (perhaps) a large-activity frame- 
work. Even more interesting - and more difficult to treat - is the surprising (for- 
mal) equivalence between the KT transition and the second-order phase transitions 
of certain two-dimensional, lattice models, such as Ashkin- Teller, Six- Vertex and 
Eight- Vertex, Q-states and anti- ferromagnetic Potts models, 0{n) models (includ- 
ing the n = case, i.e. the Self Avoiding Walks) etc. (see [22], [32] and references 
therein). Future efforts should be addressed to these appealing applications of the 
Coulomb Gas. 

2 Definitions and Results 

A possible microscopic realization of the two-dimensional Coulomb Gas is the fol- 
lowing. Consider a system of point particles labeled with numbers 1, 2, 3 . . . and a 
finite square lattice A C endowed with periodic boundary conditions: a configu- 
ration is the assignment to each of the particles, say the j-th, of a charge crj = ±1 
and a position xj G A. Particles interact through a two-body electrostatic potential 



January 19, 2013 



5 



W/^{xi,Xj) = W\{xi — Xj), so that, if Qn is the set of all the possible configurations 
of n particles, the total energy {self-energy included) of the configuration u G fin is 

1 " 

Ha{uj) = 2 5Z '^^(^jWAix^ -Xj) . (2.1) 

If z is the activity and /3 > the inverse temperature, the Grand Canonical partition 
function is 

^a(/5'^) = E5E^"'''^^^^- (2-2) 

n>0 ui(^Qn 

Before stating the main theorem, we have to give a precise definition of electrostatic 
potential W\. It is to be the inverse of — Aa, the Laplacian operator on A; anyways, 
because of the periodic boundary conditions on A, — Aa has zero modes, and we 
have to assign a regularization procedure to make sense of (— Aa)^^. Define the 
Yukawa interaction on A with mass m 

^A(X'-)=mE^^ (2-3) 

where A* is the reciprocal lattice of A and — A(A;) = 2 X]j=o i(l~cos kj) is the Fourier 
transform of — Aa; then, if H/^{u; m) is the Yukawa energy of the configuration cj, 
re-define (12. ip such that 

g-/3HA(i^) _ Ijjj^ g-f E"j=i<7i'^jl^A(a;i-Xj;m) _ ^2.4) 
m— >-0 

Of course in the massless limit m — )■ the Yukawa potential, by itself, is ill defined; 
though we shall see in Sec. lA. II that the above definition makes sense and, in fact, 
assignes weight zero to configurations of non-neutral total charge - because of that, 
the system is symmetric under z — )■ —z. Finally, for R and L positive integers, L 
odd and bigger than one, assume that A is a square with a side of lattice sites; 
then the thermodynamic limits of the pressure is 

p(/3,z) = jim -^lnZA(/3,^). (2.5) 

The main result of the paper is the following theorem. 

Theorem 2.1 For e > small enough, there exists a function Tj{z) > S(0) = Svr 
such that, if \z\ < e and /3 = '^{z), the limit h2.5\] exists. 

As stated at this point, the Theorem is slightly imprecise, because we have not 
found a way to characterize the Kosterlitz-Thouless transition line in terms of the 
pressure only; though it will become apparent in the next section that the curve 
/3 = S(z) is exactly such line. Lengthier computations, simple but not explicitly 
pursued in this paper, would prove that Tj{z) is a smooth function. 
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3 Strategy of the Proof 

The starting point of this analysis is the functional integral representation of the 
partition function that allows for a more standard RG approach. In Sec. lA.ll we 
shall prove an equivalent formula for the partition function for finite lattice A: 

ZA(/3,z) = hmy"rfP>«(C(«);m) J dP^.^iC^^-'^) ■ ■ ■ J dP,{(^'^) ■ 

•|dPo(C^°^)e^(^''+'^'''+-^^'""'+^'"') (3.1) 
where dP>R{(; m) is a Gaussian with massive covariance, 

J dP>R{C; m) CxCy = r>ij(x -y;m) , 
while dPj, for j = 0, . . . , i? — 1, is a Gaussian measure with massless covariance 

j dPjiO CxCy = ^j{x-y) . 

Explicit definitions of r>/j and Tj (and precise meaning of 'massive' and 'massless') 
are given in Sec. lA.ll Here we stress that, besides being positive-definite functions, 
To, Fi, . . . , Tr-i satisfy the following properties 

Tj{x)=0 for |a;| > L-'+V2 , (3.2) 
\d''Tj{x)\ < CaL-^^"^ for I a; I < /2 , if |a| > , (3.3) 

r.(0) = — InL + cAL) for \cAL)\ <cL-i ; (3.4) 
2n 

where Ca and c are independent of L. Namely, Tj has compact support 0{L^~^^) 
and typical momentum 0{U). Finally, to complete the explanation of f l3.ip . 

V(^) := |A| i ln(l -s)+'- J2id'v.r + z ^'^'^^ > (3-5) 

l-LGe (7 — zb 

where e = {(1,0), (0, 1), (-1,0), (0, -1)} and df'ipx = '^x+^i-'^x] the notation Y^i^^^e 
implies also a factor 1/2 that we do not write explicitly (so that the Fourier trans- 
form of X^^ee ^"^'^'^ coincides with A(/c) defined after (12. 3p ). The parameter s is in 
[0, 1/2) and will be chosen as function of z: in the final limit R — )• oo, it will fix the 
relation between a and the inverse temperature P through the formula = (1 — s)/3. 
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The RG approach consists in computing the integrals in (13.11) progressively from 
the random variable with highest momentum to the one with lowest. After each 
integration we define Vj, the effective potential on scale j, such that Vq = V, 



In this way the evaluation of the partition function is transformed into the flow 
of a dynamical system of effective interactions Vq, Vi, . . . , Vr. To have control on 
it, we must distinguish the irrelevant part of Vj, namely the terms that, along the 
flow, become smaller and smaller by simple 'power counting' arguments, from the 
relevant part, namely the terms that require a more careful study. In order to do 
that, it is important to introduce some special kind of lattice domains: blocks and 
polymers (^, ^IQj). Define := max{|xo|, Recall that L was chosen odd; 

and, for j = 0,1, . . . , R, pave the periodic lattice A with L'^^^~^^ disjoint squares of 
size U in a natural way: there is the central square. 



and all the other squares are translations of this one by vectors in L-'Z. We call 
these squares j-blocks, and we denote the set of j-blocks by Bj = Bj{A). 0-blocks 
are made of single points, so, for example, -Bo(A) = A. A union of j— blocks is called 
j— polymer, and the set of all j— polymers in A is denoted Vj = Vj{A). Suppose 
X is a j— polymer: dX is the set of sites in X with a nearest neighbor outside X; 
Bj{X) is the set of the j— blocks in X; \X\j is the cardinality of Bj{X); and X is 
the smallest polymer in Vj+i{A) that contains X. A polymer made of two blocks, 
B,D & Bj{A), is connected if there exist x E B and y E D s.t. \\x — y\\ = 1; the 
definition extends to connected polymers of more blocks in the usual way. We call 
Vj = Vj{A) and Sj = Sj{A) the set of the connected j-polymers and the set of 
the connected j-polymers that are made of no more than 4 j— blocks - the "small 
polymers" - respectively, i^^- = <^j{A) is the set of the connected polymers that are 
not small; and S is the (j-independent) number of small j— polymers that contain 
a given j— block. Given a j— polymer X, the collection of its maximal connected 
parts (each of which is a j— polymer by construction) is called Cj{X); while its small 
set neighborhood is X* = U{Y G <Sj{A) : Y (1 X 0}. The empty set is considered 
as an element of Vj{A), but not of Vj{A). 

Given a block B E Bj, we define the interaction 





(3.6) 



and, at last. 




(3.7) 



{s G A : l^l < LV2} 



Uj{s, z, if, B) = Vj{s, z, if, B) + Wj{s, z, if, B) 



(3.8) 
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Xo 
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Figure 2: Lattice paving with blocks of different sizes in the case L — 3 and R — 3 



where Wj{s, z,ip, B) is quadratic in s,z and will be defined precisely below; while 
Vj is basically given by the original interaction 



(3.9) 



o-=± 



Notice anyways the factor L~^^ that makes Vj explicitly j— dependent; besides, it 
actually depends upon {ipx}x for a; in a domain slightly bigger that B (because 
includes the outer boundary sites). We assume the Wj{s, z,Lp, B) depends upon 
Wx}xeB*- We extend these definitions to polymers X G Vj additively: 



Uj(s,z,ip,X) := Uj{s,z,ip,B) ; 

BeBj{X) 



(3.10) 



Vj{s,z,ip,X) and Wj{s,z^ip,X) are defined in the same way. If we drop the first 
two variable of Vj and Wj, it means they are Sj and Zj - i.e. their have the same 
label i of the potential. Finally, inductively assume the following formula for the 
effective potential 



V,-(^)=£;,-|A|+ln 



(3.11) 



where the polymer activity, Kj{(p,Y), is a function of {(px}xeY*- For example, the 
first terms in the sum inside the square brackets are 
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Finally, from (jST]) and flSTTj) with j = R 

Za{(3, z) = e^«l^l lim / dP>R{C; m) Te^^K'^) + Kr{C, A)1 := e^^+^l^l . (3.12) 

m— >0 J 

The details of these constructions are in Sec. HI as opposed to the original RG 
method in pjjj, we will not need any 'cluster expansion' to handle the tails of the 
covariances, for in our setting they have compact support (this idea was devised in 
[3T] . [5]). We shall be more specific on the regularity of Uj and Kj later. At this 
stage, we just mention that Uj is going to contain the second order part of marginal 
terms of the iteration, whereas the irrelevant terms, as well higher order marginal 
terms, will be stored in Kj. 

Assumption (13.111) holds at j = 0, for {Eo,so,zo) = (|ln(l — s),s,z), Wq = 
and Ko = 0. In Sec. Hlwe shall prove that, iterating (13.61) . assumption (13. lip holds 
at any scale j = 1, . . . R, with (sj, Zj, Kj) recursively given by: for j = 0, 

Si = s 

K, = noiz,s); (3.13) 



forj = l,2,...,i?-l 



Zj+l 



i:2e-^r,(o) 



'1 



bjS,Zj+MjiK,) 



K,+, = q{K,) + n,iz„ s„ K,) . (3.14) 

J-'j and Aij are real functions of the polymer activity; £j and TZj are a linear and 
high order maps of the polymer activities (and functions of zj and sj). Note that 
«i = aj{L), bj = bj{L). 

Lemma 3.1 If a'^ = Sir, set a := Svr^e^lnL and b := 21nL, where c is a constant 
introduced in liA.3^) : then there exist C and C (L) such that 



|^2g-^^r,(o) _ ^1 < ^^-1 ^ 1^^. _ 1^^. _ ^1 < c{L)L-i . (3.15) 

The former inequality is a consequence of (13. 4p : the latter in proven in Sec. IA.3.21 
The energy parameters, Eq,Ei, . . . Er, are recursively defined by 

Ej+i = Ej + L"^-' [sp3,j + zpij + SjCij + eij{Kj)] , (3.16) 

where eij{Kj) is linear in Kj, while the other e^j's are independent of Sj, Zj and 
Kj. Er+i is defined in flXT^ . For j = 0, 1, . . . , i?,' let £j := Ej+i - Ej. 
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Lemma 3.2 There exists C{a,L) such that, for any given j = 0,1,..., R, if 

\Sj\ <C{a,L)L-'^^eo . (3.17) 
Besides, Sq, . . . , £r-i (hut not E^) are the same on A and on 7? . 

The proof is in Sec. 16. 1[ (13.141) is the RG map. The solution of (I3.14p . for initial 

data (so, Zq, Kq) = (s, z, 0) will be called the RG flow; the sequence of energies given 
by (I3.16P has no influence on the RG flow, hence can be seen as the history of an 

2 

observable. Consider the case > Stt: by (13. 4p . for L large enough, L'^e~^^^^^^ < 
1; consequently, if also |^| is small enough, the flow goes to zero as was discussed in 
[Ej (in the sub-case of 1^1 small w.r.t the value of /3). This paper is focused on the 

2 

more complicated case = Svr, when L'^e~^^^^^^ is basically 1 and then the flow is 
determined by the second order terms (see Lemma [3.ip . In fact, neglecting higher 
orders and neglecting the RG map for {Kj)j, (I3.14p is the equation that Kosterlitz 
obtained with a (formal) RG technique in coordinate space, [25]. The corresponding 
approximate solution is, for j > 1, 



1, , 1 



- -\qj\ , Zj = -j=qj , (3.18) 
with qi proportional to z and 

f l3.18p describes a line, i.e. the first approximation of the separatrix in Fig. IE.2t 
which is the Kosterlitz-Thouless transition line. Our goal is a proof that the solution 
of the full RG map (13.131) . (I3.14p . is, qualitatively, not too different from (13.181) . In 
order to achieve that, we need to know the smoothness of the remainder terms. In 



Sec. 15.11 we will set up a norm || ■ \\h,Tj for polymer activities on scale j depending 
on two parameters h and A: if properly chosen, the following lemmas hold. 

Lemma 3.3 There exist C, C{a) > 1 such that, if L is large enough, 

|J-,(K,)I < CA-'\\K^U^T, , \M,iK,)\ < C{a)A-'\\K,\\j,^T, ■ (3.20) 
Besides, J-'i, . . . ,J^r-i and M.i, . . . ,M.r-i are the same on A and on 7? . 

Lemma 3.4 There exist C{q) > 1 and r], 'd > such that, for L large enough, 

||£,(ir,)IU,T,+, < Cia) {L-'> + A-^) \\K,U,T, • (3.21) 

Lemma 3.5 If sj > is small enough, there exists C = C{A,L,a) > 1 such that, 
for any {sj, Zj, Kj) and {sj, Zj, Kj) satisfying \sj\,\zj\,\sj\,\zj\ < Sj and \\Kj\\h Tp \\Kj\\] 
e]: for j = 

\\no{z,s)-no{z,s)\\h,n<Ceo[\s-s\ + \z-z\] ; (3.22) 
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while, for j = 1,2, . . . , R — 1, 



\'Rj{zj, Sj, Kj) - Tlj{zj, Sj, Kj)\\h,T, 



< C 



e'^jlsj - Sj\+ e^^Zj - ijl + - Kj\\h,Tj 



(3.23) 



The proofs are in Sec. El In particular, Lemma 13.41 is crucial: to prove the con- 
traction of Cj we have to show that Cj{Kj) is made of irrelevant terms. The role 



of constants and parameters so far introduced is the following: 



a 



Svr, although 



in many sub-results of the paper we will just assume a > Svr; h is a numerical 
constant related to the propagator, see (EE]); L will be taken large; A is to be large 
enough w.r.t. L; finally, Eq, the size of z, is to be small enough w.r.t. A and L 
(and a). In a sense, the major improvement w.r.t. [H], crucial for studying the 
Kosterlitz-Thouless line, is that in this paper h is independent of L. 

Thanks to Lemma [3.31 13.41 and 13.51 we have the following result on the RG flow. 



Theorem 3.6 Given L, A large enough and an e = 6{A,L,a), in correspondence 
of any z, \z\ < e, there exists an s = ^{z) such that the solution of ( [o/. with 
initial data {z, s) is 

s,= ^-f + 0{n), z, = ^ + 0{n), \\K,U,T, = 0{r') , (3.24) 

y/ao 

for j = 0, . . . , R and qi = 0{z). Besides, ^{z) can be chosen independent of A. 

The proof is given in SecJTl and uses the fixed point theorem for Banach spaces. 
Since the flow of {sj,Zj,Kj) remains bounded. Lemma [3.21 applies, and 

/3p(/3, z) = hm h^^^ = lim En^, = E, + Y,£^. 

' ' i>0 

where the series is convergent because of fl3.17p (valid also for Sr+i). This completes 
the proof of the main result. Theorem 12. 1( in the remaining sections, we shall take 
up the task of proving all the above sub- results. Note that C, C{a), C{L,a) and 
C{A, L,a), will indicate (possibly) different values in different equations. 



4 Renormalization Group Map 

In this and the following section we adopt an abridged notation for the fields. In 
general, we remove the labels j because they will be clear from the context, and 
label the sum of the fields on higher scales with a prime, so that '■= Cx and 
:= d"^^ + Ci"^"'^ + ■ ■ ■ + d'"''^; besides, ip^ := ip', + (x- We also use E,[ ■ ] for the 
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expectations w.r.t. the measure dPj{C^^^). Therefore the RG map for the effective 
potential is 



(4.1) 



for Vj{ip) given by (13.111) . As function of the fields, Vq is made of a periodic term 
of period 27T/a, and a derivative term: then Vq is invariant under ip^ ^ ip^ + —t 
for the a constant, integer field t. The latter property remains true, by induction, 
for Vj and then for Kj. As consequence, we shall prove in appendix [B] the following 
decomposition of Kj{(f,Y) into charged components. 

Lemma 4.1 For any j = 0,1, . . . , R, there exists a decomposition 

K,{^,X) = Y,KM^V,X) (4.2) 



such that, if d is a constant field, 

K^iq,^ + ^,X) = e'^-'^K,{q,^,X) . (4.3) 

This simple result is borrowed from [T^ and for completeness is reviewed in Sec. [Bl 
The 'power counting' argument - that we shall make rigorous in the rest of the paper 

- implies: a) terms with charge q contract by a factor L 4^'? ; b) terms proportional 
to {dip')^ contract by a factor L~"; c) all terms are increased by a volume factor 
(the ratio of volumes of j + 1- and j-blocks). Therefore, at = Svr, RG reduces the 
size of the components with charge |g| > 2; of the components with charge |g| = 1, if 
the 0-th order Taylor expansion in dcp' has been taken away; and also the of neutral 
charge component, if the 2-th order Taylor expansion in dip' has been taken away. 
The terms so removed are absorbed in Ej, sj, Zj to give Ej+i, Sj+i, Zj+i. Guided by 
these ideas, we pass to a technical description of RG; because of technical reasons, 
it is more convenient to define the first RG steps in a different (in fact simpler) way. 

4.1 First RG step 

After integrating the field C''^'' in Vo, we want to recast the effective potential Vi 
into the form (13.111) . There are many ways to achieve this. 

Lemma 4.2 Given s and z, define S\ and Z\ as in \3.13\) . and 

Ei = -\Y}d^d^V,)\0). (4.4) 



There exists a choice of Ki and Ui such that Ii3.11\) holds with Ki = 0{Vq 



2\ 
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Proof of Lemma 14.21 - For D E Bi and Y E define 

PoivX)--= n Poiv'X.D). (4.5) 

DeBi{Y) 

(recall Vo{ip,D) = Vo{s, z,(p, D) and Vi{ip',D) = Vi{si,Zi,ip',D)). Expand formula 
(13. 6p at j = w.r.t. Pq, namely 



n (Po(^',C,/^) + e^^(-'^)^^^l 



(4.6) 



DeBi(A) 

to obtain (EH]) for Ui = Vi (i.e. Wi = 0) and 

Ki(y.',y) = e-^^l^lEo[Po''(¥'',C)] • (4.7) 
The linear order in Vq of (14. 7p may not be zero only when F is a 1— block D: 

[CoKo] {^',D) = Eo[Vo{y^,D)] - V^{^',D) - E^\D\ . (4.8) 
But this expression is zero by the choice of Si, Z\ and E^. ■ 

4.2 j-th RG Step 

Consider now j = 1, 2, . . . , i? — 1. After integrating the field we want to recast 
the effective potential V^+i into the form (13. lip : 



i^.+ilM ^ ef/.+i{^',AU) JJ K,^r{^\Y). (4.9) 

xePj+iCA) y6Cj+i(x) 



Again, this formula does not determine -ft'j+i and f/j+i in a unique way; we want 
to take advantage of this freedom in order to make -ft'j+i either irrelevant or third 
order in Vy To achieve that, we have to extract a (5j((y9',X) from Ej[i^'j] and a 
Qj ((/?', y) from EJ[Vj; Vj]: the next lemma, purely combinatorial, furnishes such a 
i^j+i and the corresponding f/j+i. 



Lemma 4.3 Suppose to he given two activities: Qj{(f',X) = 0{Kj) with support 
on sets X C Sj, and Qj{(p', Y) = 0(y^) with support on sets Y C Sj^i; and suppose 
the difference between {sj,Zj,Ej) and {sj+i, Zj+i, Ej+i) is such that 

(E,+i - E,)\D\ + V,+i{^',D) - E, [V,{^,D)] = 0{KyVf) . (4.10) 

Then there exists a choice of Kj^i and f/j+i such that lji4-9^ holds with 

K,^,{V\ Y') := [C,K,] (cp', Y') + 7^,(¥.^ Y') , (4.11) 
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where TZj{ip', Y') = 0{K], KjVj, 1//) and, 



X=Y' 

E 



E,[K,icp,X)]-QAif',X) 



1 

+ - 



BoUBi=Y' 



J2 [\/,(v9, Bo); V,{^, B,)] - Q,iv', ¥') 



Bo,Bi&Bj(Y') 
D=Y' 



E 

B=Y 

-E 



ydd 



W,^,{^', D) - [W,{s,+,, ^,+1, ^, D)] - J2 



Yes 



BeB, 



S,\B\ + V,^,{^',B) - [V,{^,B)] - J2 ^'^^''^^ 



IXI 



(4.12) 



(recall the short notations for Vj, V^+i and Wj+i defined after l^3.10\} ). 



In the third hne there is Wj{sj^i, Zj+i,{p, D) as opposed to Wj{sj, Zj,ip, D): the 
former is more convenient for our analysis and the difference with the latter is 
0{V^, KjV^, KJ), which can be left inside TZj. Besides, f l4.1ip gives the third line 
of (EH, with nj{ip',Y') = [nj{sj,Zj,Kj)]{ip',Y'). 

Before giving the proof we elaborate on (14.121) . As planned before, in the first 
and second line of the r.h.s. member we read the extraction of Qj and Qj from 
Ej[i^j] and Ej[V^;V^]; the same terms are re-absorbed into Ej, Sj zj in the third 
line, so obtaining -Ej+i, s^+i, Zj+i. Therefore, to determine the latter parameters, 
we have to choose Qj and Qj first. 

The choice of Qj requires Taylor expansion in Vip', that we now define. Let 
F{^,X) be a smooth function of the field {C,x)x£X*', the n-order Taylor expansion of 
F{^,X) at ^ = is 



n 

(Tay„F)(e,X):=5^— Yl ^-i"--^- 



Qmp 



m=0 x\...,XmeX* 



dU---d^x 
correspondingly, the n-order remainder is 

(Rem„F)(e,X) := F{^,X) - (Tay„F)(e,X) . 



(0,X) 



(4.13) 



(4.14) 



The Taylor expansion of Kj is to be in the field ^ ~ Vip', namely we have to single 
out the part of the activity that is purely dipolar. That is accomplished by (14. 3p : 
for any point Xq G X, if ((5v3% := f'^ — ^'^^ (which is a sum of Vv5"s), 
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Therefore, our choice for Q ■ is 



+ M S S e^'^^^^oTayoE,- [kj{a, 5^' + C, X)" 



xoex u=±i 



1 — r 



xo&X cr=±l 



(0,C,X) 



2^2 



(4.15) 



where Taylor expansions are in ^ = 5ip' (the special point xq is averaged over X); 
in fl4.15p we also used the fact that Kj is even in C,, therefore the expectation of one 
derivative of Kj is zero. We shall prove in Sec. 16.21 that f l4.15p makes irrelevant the 
first line of f l4.12p . Then, define intermediate parameters 8j = Ej — Ej, Sj and zj 
such that 

s, = s, + T,{K,) , z, = L2e-^^^(°) [z + M,{K,)] 



(4.16) 



where 



X90 



1 



62, 



E 



,3:2 £X* 



■(o,C,x) 



^(a;i -a;o)''(a;2 -xo)'' 



4r,(o) 

-^.(^.) = E ^ E F.(?'C,x) 



(4.17) 



In Sec. 16.21 we shall also prove that, with the above choices, the following quantity 
(compare it with the third line of ( I4.12p ) is irrelevant: 



B=Y' 



S,\B\ + V,+,is„z„^\B)-E,[V,iif,B)]- J2 ' 



IXI 



(4.18) 
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Then set Qj so that the second hne of fl4.12p is vanishing: 



BoUBi=Y' 

Q,{if', Y') :=- Yl t^^^^' ^o); ^^•(^' ^i)] ; 

So,BieBj(y') 

and choose £j, Sj+i, Zj+i so that the remaining part of (14.121) vanish: 

D=Y' 



(4.19) 



E 



{Sj - Sj) \D\ + Vj+i{sj+i - Sj, - Zj, D) 



. (4.20) 



Because of the simple identity 

ydd 



E 



Q,{^',Y) _ 1^^ 



[\/,(s„ z„ D); \/,(s„ z,, if, D*)] (4.21) 



and computations in Sec. IC.2t cancellation (I4.20p is obtained if 



^i+i — ~ "'j^j ■> 



= z, - L\-W%^s, 



3^3 



and if Wj is given by 



Waji^, B) + z^ W,^j{^, B) + W,^j{^, B) + zsWd,j{^, B) 



(4.22) 



(4.23) 



where, setting rj-„(x) := Tn{x) + r„+i(x) H h rj(x) and /(0|x) := /(O) - /(a;), 

the definitions of the functions used in (14.221) and (14.231) are 

„2 



".-yE 



(a'^r,)^ (y) + 2 J] (5'T„) {y) {d^T,) (y)e-^^-^-(°)L2(^-") 

n=0 

4 E E f(^"^''r,-o)(y) + 2(9'^9'^r,_i,o)(y)l {d^d'^T,){y\Q) , 



64 J := 2L2-' E«^bj(l/) 



-a2r,(0||/) 



1- yE^'^'^r.Wi/V 



(4.24) 
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and Wm,o{s, z, ip,B) = for m = a,b, c, d, e, while for j > 1, 



<T = ± 



xeB 



Jaa{ipj:->Px + y) 



xeB 

<T = ± 



xeB 

(T = ± 



icratpx+y ^icratpx 



) 



(4.25) 



<T = ± 



for 



-in . 



i-i 

n=0 
^ n=0 



4n 



W7p 



n=0 

2 i-1 



2n 



n=0 



(4.26) 



By (13. 2p . Wj{(p, B) depends on the field ip^ for x in a neighborhood of B of diameter 
U /2, which is a subset of B* . Finally, joining (02]) with fHl6|) we obtain f lSTTij) 
and fulfill condition (HJOj) . 

Proof of Lemma 14. 3i - The re-blocking operation used here is different from the 
one in partly because the extraction of Qj (that for the dipoles of [5] is not 
required), partly because of a different large field regulators introduced below. 
Starting from (13.111) . reblock the polymers on scale j + 1 and obtain: 



XeVj+i Y&C,+i{X) 



(4.27) 
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for 



X'=Y 



x'eVjiY) Y'eCjiX') 
If D is a J ' + 1-block, and Z a, j + 1-polymer, define 

besides, if Y and X are j + 1-polymers, define 

yec,+i(x) 



(4.28) 



(4.29) 



(4.30) 



where Jj{ip' , D,Y) contains the extracted terms Qj and Qj (which have support 
on j + 1-small and j-small polymers, respectively): if y ^ ^j+i^ or D Y, 
Jj{ip' , D,Y) = 0; otherwise 



W,D,Y):-- 



X=Y 



E E 

B<^BAD) xsSj 

XDB 



\x\ 



y'dd 
-Sd,y Y1 



X=Y' 



E E 

XDB 



(4.31) 



hence Jj{f', D, Y) is a function of {v^'^-jxer* i if F ^ <Sj+ij ^-nd, by construction, 

W,D,Y) = 0. (4.32) 

Plugging decompositions f l4.29p and fl4.30p in f l4.27p and expanding we find f l4.9p . 
for 



Z,(D) 



(4.33) 



January 19, 2013 



19 



In this formula, we abridged Xq U XiU Z into W. And we labeled — ?■ Y' the sum 
over three j ' + 1-polymers, Xq, Xi, Z, and over one j + l-block, Dy, for each polymer 
Y G Cj+i(Xo), such that: a) Xq and Xi are separated by at least by one j + 1-block, 
so that Cj+i(Xo U Xi) = Cj+i{Xo) + Cj+i{Xi); b) Z is a subset of Y'\{Xq U Xi); c) 
each connected component of Xq is j + 1-small; d) UyDy U Z U Xi = Y'. Finally, 
given Xq and a Dy for each Y G Cj+i(Xo), we defined 

Jf"'^''\¥>') ■■= n Mv',Dy,Y). 

Y&Cj+i(Xo) 

For (14.331) we also used the factorization of over sets that are in two different 
connected components of a j + 1-polymer (hence at distance not smaller than L^~^^, 
while the range of Tj is /2). Besides, by construction, W d Y' so that that 
Kjj^i{(p' ,Y) depends on the fields {(py)y(iy* as required. 

Finally, we have to prove that the linear part in Kj and second order part in Vj 
of this choice of -ft'j+i is fl4.12p : this follows from two simple identities, 

X=Y' 

Mv',D,Y') = Q,{v',Y') + ^ Q,{v>',X) 

DGBj+i(y') Xi^Sj 

D=Y' YDD ^ ( , B=Y' XdB , , 

- E E ^#^-E E^4|t^; («^) 

and, by ^M), 

D*=Y' D*=Y' YdD 

J2 E M^'^D,Y)= Y MV>',D,Y) = 0. (4.35) 

This completes the proof. ■ 



5 Estimates 

5.1 Norms and Regulators 

Unless otherwise stated, j = 0,1, . . . , R — 1. Given X G Vj, let C|(X) be the vector 
space of the bounded functions ip : X* — )■ C. For n = 0, 1, 2, define (for the 
discrete derivative defined after (13. 5p ) 

||V>||Loom := max max L"^' 1 ■■■(9^" (^J (5.1) 

"' fii,...,ij,n xex 

and the norm 



(5.2) 
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Also, consider norms: 

X£X fll,...,IJ,n 

Bounds on expectations of C|-norms can be obtained by these L^-norms. 

Let Afj{X) be the space of the smooth complex activities of the polymer X*, i.e. 
the set of C°° functions F{(f,X) : C|(X) — )■ C. The n-order derivative of F along 
the directions /i, . . . , /„ G C|(X) is 

d;f{^, X) ■ (A, . . . , /„) = (/i)- ■ ■ ■ ^"^g ^) ■ 

The size of the differential of order n is given by 

||F(^,X)||t;(^,x)= sup |D^F(^,X) •(/!,...,/„) I . (5.4) 

Il/i|lc2(x)^l 

Then, given any /i > 1, we define the norm 

||F(y,,X)|U,r^,(^,x) = ^ ||F(y,,X)||T.(^,x) . (5.5) 

n>0 

In order to control the norm of the activities as function of the field for any scale 
j and any X G introduce the field regulators, Gj{(p,X) > 1, that depends upon 
derivatives of ip only. Accordingly, define 

\\F{X)\\h^T,(x) = sup ^ . • (5.6) 

Finally, we have to weight the polymer activity w.r.t. the size of the set. Given a 
parameter A > 1, define 

= sup Al^l^HF(X)||,,T,(x) . (5.7) 



^By lattice Sobolev lemma ((6.136) of [5 ) there exists c > such that, for any B E B 

2 

therefore, for any X E Vj and n = 1,2, 

[||V;'C^^)||i^(^)] < C\X\, , E, [llC^^'l^i(x)] < C\X\,\ogL . 
The powers in definition (15. ip are are chosen to have C independent of L and j. 
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As already announced, in this paper, as opposed to [1A\ , h is independent L and of 
the scale j (as well as independent of a, s and z). Consider the function hj{x) := 
Tj{x) — Tj{0): by fl3.3p . there exists a numerical constant Co > such that, for any 
X G Sj that contains 0, ||/ij||c2(x) ^ Cq; then any fixed h > 1 that satisfies 

h > 2aCo (5.8) 

will work for our purposes. 

A convenient choice for the functions Gj, that guarantees the integrability of 
the polymer activities at any scale, is inspired by |5]: for X a j-polymer, define 

W,i^,Xf:= Yl II^IIW.); (5.9) 

then, given two positive constants Ci, C3, and a positive function of L, n^, if X G Vj 

\nGj{ip,X) = ciKlW"^ jip\\l2^x) + csi^lW"^ jV\\h{dx) + ciKLWj{V](p,Xf . (5.10) 

J\fj{X) with the norm || ■ \\h,Tj{x) is a Banach space. For the field dependence of Uj 
we shall use the strong field regulator, Gf^: for B G Bj and X &Vj, 

lnGf(^,i?) = «:z.max||V>l|i..(^.), Gf{^,X)= J] Gfi^^B). (5.11) 

These definitions suits the Coulomb Gas, more than those ones in [5] (Sec. 6.2.4- 
5.), designed for the Dipole Gas; the reason is the need of a finer decomposition of 
the covariance suggested in [7]; we will discuss this in Sec. [Dl Anyways the basic 
structure of the regulators is unchanged, therefore we still refer to [5] in most of the 
proofs below. 

We now list some useful features of the field regulator. As apparent from the 
definition, if X G Pj+i, 

Gf{^',X)<G%,{^',X). (5.12) 

For any polymer X G Pj, the sets y's in Cj{X) have disjoint boundaries, then the 
norm L'j{dY) (besides the norm L'j{Y)) is additive in Y; hence 

n G,(^,r) = G,(^,X). (5.13) 

In the following results, borrowed or inspired by [5], C3 and ci must be large enough, 
but independent of the scale j and of the parameters L, s and z. 

Lemma 5.1 For X E Vj, 

Gf(¥.,X)<G,(v.,X). (5.14) 
For X G Vj and B a j — block that is not inside X, 

Gf{^,B)Gj{^,X) < Gj{^,BUX) . (5.15) 
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Lemma 5.2 If kl = c(logL) ^ with c > and small enough: 

a) for X e P;, 

[G,(y.,X)] < 2l^l^G,+i((/.',X) ; (5.16) 

b) ifX e S,j, for aC> I, 

U + max ||V^^.i^'|U^(x.)) E, [G,(v^,X)] < C^G,+i(^',X) . (5.17) 

Besides jS.ll^ holds also if Gj{ip, X) is replaced by sup^gjg ^ Gj{tip' + Q,X). 

For the proof of Lemma [5?T] see Lemma 6.21 and formula (6.52) in [5]; for the former 
we need ci > 4, in the latter we have to assume C3 < cci, for a certain geometrical 
constant c. Lemma [5.21 has analogies with formulas (6.53) and (6.58) in [5], but the 
proof is a substantial re-shuffling of the one in that paper, and so is given in Sec. 
It means that = 0(1/ InL), as opposed to = 0(1/L^) of [T^: this makes an 
important difference, because the r.h.s. of f l5.17p is then proportional to O(lnL)^/^, 
and is beaten, for large L, by any power of L. 

Lemma 15.21 holds for j = 0, 1, . . . , i? — 1. Let E^ be the expectation with 
covariance r>/j(x; m), followed by the limit m — i- 0. 

Lemma 5.3 If kl = c(logL)"^ with c > and small enough, 

En[GRiip,A)]<2. (5.18) 
We conclude this section with two useful bounds in [5]. For A G (0, 1), define 

Y=V 

h{A,X)= sup Al^l^+i y (AA)-I^I^ (5.19) 

and 

Y=V 

ki{A,X)= sup Al^l^+i y (AA)-I^I^- . (5.20) 



Lemma 5.4 There exists Cs(A) > such that 

ksiA,X) <Csi\)L'^ . (5.21) 

There exist t] > and Ai{X,L) such that, if A > Ai{X,L) then 

ki{A, X) < A-" . (5.22) 

In brief, when the sum is over small sets the bound is proportional to a volume 
factor L^; when the sum is over large sets, the bound is finite in L and vanishing 
for large A. For the proof see Lemma 6.19 and Lemma 6.18 in [S]. 
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5.2 Power Counting Analysis 



For the definition set up so far, we can easily derive some fundamental bounds 
(mostly introduced in [5]), that will be repeatedly used in the rest of the paper. 
From the definitions one can easily verify the two following facts: first, for any 
(f G Cjj^_i{X), we have ||v5||c2(x) ^ llv^llc^^^^cx)) so that, for any F G Mji^X) 



(5.23) 



second, if y C X, for any ip G C|(X) we have ||v5||c2(y) < Ilv^||c2(x)? so that C|(X) C 
C]{Y) and 

||F(^,X)|U,T,(^,x) < ||F(^,X)|U,T,(^,r) . (5.24) 

For any two polymers Yi, Y2 not necessarily disjoint and such that Yi U 1^2 C X, and 
any two polymer activities, Fi G AfjiYi) and F2 G N'j{Y2), we have the triangular 
inequality 

\\F,{^,Y,)+F2{^,Y2)\\h,T,i^,x) < ||i^i(<^,n)|U,r,(^,yo + ll^2(¥^,>^2)IU,T,(^,y,) , (5.25) 
and the factorization property 

\\F,{^,Y,)F2{v,Y2)h,T,i^,x) < ||i^i(v^,n)IU,T,(^,n)l|i^2(<^,>^2)IU,T,(^,y,) . (5.26) 

(The former is a consequence of (15.241) and of the triangular inequality for norms; 
the latter follows from differentiation rules.) By (15.231) and (I5.16p . for any X G Vj 



\Ej [Kj{ip,X)] \\h,T,+,(^',x) < \\Kj\\h,T, [ Y 



G,+i(^',X); (5.27) 



and similarly, for each charged component 



IE, 



Kj{q,(fi,X) 



\h,T,+iiip',X) 



< \\K. 



j\\h,Tj 



Gj+,{ip',X) . (5.28) 



We passed from scale j ' + 1 to scale j by the bound (15.231) which is of general validity. 
But, under special circumstances, this step can be done in a more efficient way and 
the above bounds can be considerably improved. 

Theorem 5.5 If L is large enough, there exists ^ > such that, for any X G Sj, 



|Rem2 E,- 



KjiO,ip,X) 



G,+i(^',X). 

(5.29) 

Theorem 5.6 If L is large enough, > Svr and \q\ > 1, then, for any X G Sj, 



IE, 



Kjiq,(p,X) 



|.,T,+,(^',x)<C(a)L-2|''l||ir,|U,T, (- 



G,+i(¥^',X). 



(5.30) 
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Theorem 5.7 If L is large enough, > Sn and q = ±1, there exists ^ > such 
that, for any X E Sj, 



|Remo 



Kj{q,ip,X) 



A 



GM^',x) 



(5.31) 



These resuhs make rigorous power counting arguments mentioned below Lemma 
14.11 Theorem 15.61 is borrowed from [13] and means that the charged terms - on 
smaU sets - are irrelevant as soon as beats the volume factor L^, i.e. for 

|g| > 2. Theorem 15.51 is taken from [5] and means that the second order Taylor 
remainder - again, on small sets only - is an irrelevant term because the factor 
L~^(lnL)^/^ on the r.h.s. member beats the volume factor. Theorem 15.71 is a fusion 
of the first two: it was missing in and prevented that paper to cover the case 
of the Kosterlitz-Thouless line. It means that a charged component with |g| = 1 
is irrelevant if the zeroth order Taylor term has been taken away. Although we do 
not need any essential change respect to the formulations in [H] (even in the case 
of Theorem 15. 7[ once the L-independence of h, found in this paper, is taken into 
account) we reviewed the proofs of these fundamental results in Sec. [El 



6 Smoothness of RG Map 



6.1 Proof of Lemma D and [3:21 

Given X G Sj and Xq G X, set := (x — Xq)^. 



1 — rl|E,- 



K,(0,C,X)j |U,T,,,(^',x)$^||/1l^ 



c'Ux) ' 



as ||/''||c2(x) < CP and by ([ESHD, 1^ is bounded by CA-^\\Kj\\h,T,- 



X30 H^r(o) 



\h,Tj+^iip',X) , 



a=±l 



(6.1) 



(6.2) 



which, by (13. 4p and f l5.30p . is bounded by C{a)A ^\\Kj\\h,Tj- Lemma [33] is proven. 
By ([32]), ([33]), ([33]) and as dTjiO) = 0, for \y\ < c(l)U , 



g-a2r,(o)|g±a2r^(y) _ ^1 < c{L,a)\Tj{y)\ , |e-"'r.(o|?^) _ i| < C{L,a)\y\L-^ 

|(a'^5%•)(0|y)|<C(L)|y|L-3^ 
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so that (using also the bounds (IC.8|) . (IC.9|) ) 

|e3,,|<C(L), \e2j\<C, \e,J<C{L,a) 



(6.3) 



\aj\<C{L,a), \bj\<C{L,a). 



Finally 



\eiAK,)\< E^ll^^- ^.(O'CX) 



|/i,T,+i(¥P',X) , 



(6.4) 



(6.5) 



which, by ( ]5.28p . is bounded by CA ^\\Kj\\h,Tj- Finally, a bound for Sr is 
l^^l < ^lnE« [1 + ||e^«(^'^) - l|U,T,(c,A) + ||i^R(C, A)IU,W)] ; 
therefore fl3.17p with j = R follows from f l5.18p . Proof of Lemma [3.21 is complete. 



6.2 Proof of Theorem [33] 

Taking into account cancellation (14. 2 Oft . 



p=i 

for (Taylor expansions are in S(f') 

q:\q\>2Y€S,{V) 
Y=V 

{CfK,){^\V):= J2 Rem2E,[i?,(0,<^,r) 

Y=V 

{CfK,){^\V):=Y, Yl RemoE,[ir,(g,<^,y) 

q=±l YeSj(V) 
B=V 



B&Bj (V) 



\x\, 



(6.6) 
(6.7) 
(6.8) 
(6.9) 



(6.10) 
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Consider each term separately: we want to prove that 

\\Cf'>K,U^T,,,<p{A,L)\\K,U,T, (6.11) 

for p = 1, . . . , 5; the constant p{A, L) is to be small enough if L and A are large 
enough, uniformly in the scale j. 

6.2.1 Norm of £W 

Use (Km . (Km and definition (K^f to find 

Y=V 
Yd?, 

Ye?, 

< ■ (6.12) 

by (ESI, we find fETT]) for p{A,L) > A"". 

6.2.2 Norm of £(2) 

Use f l530|) and definition flsno]) to find 

||(£fir,)(v^',l^)iU,T,,,(^',y)< E E l|E,[^,(g,V^,r)]|U,^^.^,(^,,y) 

< C(a)G,+i(^',l^)A-l^l^+^ ||ir,|U,T, A:.(Al/2) J] L'^l"! ; (6.13) 

by f lCTll we obtain fl6TT]l for p{A, L) > C{a)L~^. 

6.2.3 Norm of £(3) 

By dCT]) 

\\{CfK,){^\V)\\H.T,^,^^>y) < l|Rem2E,[i^,-(0,^,r)]|U,T,^,(^.y) 

< G,+i((/.', V)A-I^I^+^ ||K,|U,T, i^-('+')fc.(A, 1/2) ; (6.14) 
by dOT]) we obtain flCTT]) for p(A, L) > CL-^. 
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6.2.4 Norm of £(^) 

By (IE3ID, 



Y=V 



||(£fK,)(^',^)IU,T,+,(^',y)< 5^ ||RemoE,[ir,(g,^,F) 

g=±iye5j(y) 



by fICTD we obtain fl6ll]) for p{A, L) > CL-'^. 
6.2.5 Norm of £(5) 



(6.15) 



Here we prove that (I4.18p is irrelevant as claimed before (I4.18p . Further decompose 
this term as 



where 



BeBj (V) 



EE 









X\ 


\x 


j 



V,+i(J-,(i^,),0,</.',S)-ei,,(ir,; 



(6.16) 



B=V 



BeBjiV) 



xdb 



EEE 

XeSj q=± xoGX 







\X 





V,+,{0,L'e-W0)M,iK,),^\B) 



(6.17) 



Consider The term proportional to eij exactly cancels the one proportional 

to the zero order of Tay^j Kj{0, (p, X) . We are left with the difference between 

Vj+i{J-'j{Kj),0, if' , B) and the 2-nd order of Tay2Ej Kj{0, (p, X) (the first being 

zero by symmetry), that, by invariance under space translations of the problem, 
yields 



B=V XdB 



■(o,C,^) 



(6.18) 
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where R%\^X2^<^') given by 

x&B fi,u£e 



and 



+ U;,^^xa{x,v')Vx2,xo{x,(p') (6.19) 

Uxi,xoix, (p) := - Vxo - ^id''ip)^{xi - xo)'' 

.ip):=J2id'vUx,-Xor . (6.20) 



Notice that |a;o ^ |xi — X2I < CL^; it imphes 

||Mxi,xo(a;,¥'')IU,T,+i(^,x) < CL-2(1 + max||V^+i^'||L-(x-)) 

,.„(a:,^')IU,T,+,(^,x) < CL-i(l + max||V^+i^'|U^(x.)) (6.21) 



and then a bound for \\{Cf''^''Kj){(f', V)\\h,Tj+i{ip',v) is 



< C"||ir,|U,T,A-l^l^+^L-i (^l + max||V5'+,^'||i.(v^.) 

< C"«:^iL-i/^,|U,^^.Gf;,(v.',l^)A"l^l^- (6.22) 

(the sums over 5 and X have no more than CL^ terms, in all of which = 1). 

Gfli{ip' ,V) can be replaced by Gj-^-l{ip' ,V) by (15.141) . Next consider cf'^\ Simple 
computations and symmetry fC,(— 1,C,X) = Kj{lX,X), give 

B=V 

X-^B { P^'i^'P'vQ-'P'-,^ - 



E E 2|.y||.Y|, E ^.(^, C, ) . (6.23) 
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Notice that by construction |a;o — Vol ^ CL^ so that, by (15.141) . 

||e^.«Ko-^io) - 1|U,T,^,(^, X) < C{a)L-\l + max \\V]^,v'\\l^(x*)) 

<C'ia)K-^'L-'G,+^{^',V) (6.24) 

and then, using (]5.30p . a bound for \\{Cf'^^ Kj){(f' ,V)\\h,Tj+i{ip',v) is 

B=V xdb 

cr=±BeBj{V) xeSj ' '-^ 
< C"(«)/€Z'^-'G,+i(^',\/)A-l^l^+^||ir,|U,T, . (6.25) 

Again we obtain ( lOTll for p(A,L) > C(a)/t^^L"^. 

6.3 Preparation Bounds 

We begin with bound (6.74) of [5]. 

Lemma 6.1 There exists rj > such that, for any X E Pj, 

(1 + 2r])\X\j+i < \X\j + 8(1 + 27])\Cj{X)\ . (6.26) 

In the next section we shall need bounds on the "building blocks" of the RG map. 
Let us introduce a vector notation and a norm with weight /i > 0, 

K,j := {sj,Zj,Kj) , \}Cj\^j := fJ.~^\sj\ + fi~^\zj\ + fi~^\\Kj\\h,Tj ■ (6.27) 



Kjie,C,X) 



\h,Tj+ii^'y) 



Lemma 6.2 There exist rj > 0, C = C{A,L,a) > 1 such that, for eq small enough, 
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any JCj and )Cj with \}Cj\ij, \ JCj\ij < Eq and D G Bj^i orYE ^j+i 

||e^^-(^'^) -e^^(^'^)|U,T,(^',D) < Ceo\}C,-}C,U,jGf{ip,D) , (6.28) 

_ e^^+i(^''^)||,,^^,(^, ^) < Ceo|/C, - }C,U,,Gfl,{^', D) , (6.29) 

\\P,i^',C,D)-Pji^',C,D)U,T,i^,,n) 

< CsolJC, - A:,|,„,,A-(i+^') [Gfl.iif', D) + Gf (^, D)] , (6.30) 

< Cel\lC, - /C,|,„,,A-(^+'')l^*l^+^Gf_[i(^',D) , (6.31) 

l|i?,(y.',C,y)-i?,(¥^',C,>^)IU,T,(^',y) 

<Ce^|/C,-/C,|,„,A-(i+^)l^l^+^ [Gfl,i^',Y) + G,i^,Y)] , (6.32) 
where Uj, Uj+i, Pj, Rj and Jj contains parameters )Cj = {sj,Zj,Kj) instead of 

Remark. Although the Tj+i{(p' ,Y) norm requires a decay in the size of Y as 
A-\Y\j+i^ in the r.h.s. of flOUj) . (lOTj) and (l632|) the decay is (basically) 
this is because the extra factor A^^'l^'^+i is needed to control the sum in (14.331) 
(c/r. Sec. EM- In fl630|) and (lOB . is bounded and a A'^'l^l^+i factor can 

be extracted from G{A, L,a); in (]6.32p . instead, we shall need Lemma [6.11 to have 
such an improvement. 

Proof. Let B E Bj{D) and use (ESS]) and (15:261) to obtain 



||V,(y.,5) - V^,(</',5)|U,T,(^',B) < \sj - s,\ {h+\\\/M\L^iB)Y + 2| 
<C(a) - Sjl + -%| (^l + max||Vj>||i^(s*)^ . 



Zj Zj I e 



ah 



(6.33) 
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A similar bound holds for Wj that, by support property of the propagator, depends 
on fields at B* (more details are in Appendix IC.3P : 

\\Wj{^,B)-W,{^,B)U,T,i^,,B) 

< C{a) \sj - Sj\ + \zj - Zj\ 1 + max || V"^||ioc(B.) ) . (6.34) 

L J \ n — 1,2 / 

From the definition of G^^^ 

5^ [l + max II V>||io.(5,)') < C{L) Gf (y., D)'^ ; (6.35) 

and for Eq smaller than a EqIL, a), 

n exp|c(«)£o(l + max||V>||ioo(B.))} <2Gf(v9,Z^)^ . (6.36) 



Then fl6.28p follows by factorization property fl5.15p and these inequalities. fl6.29p is 
obtained by repeating (16.330 and (I6.34p on scale j ' + 1; and by taking into account 
that, by (I3.16p . (I3.14p and the bounds in Sec. 16. H if A is large enough. 



max ||£^j — Sj\L'^^~^'^ , \sj+i — Sj+i\ , \zj+i — ij+ilj < C{L, a)\]Cj — /Cj|ij . (6.37) 
Accordingly, for Eq smaller than a Eo{L, a), 

< C{L,a)\IC, - }C,\,,Gf{^',D) , (6.38) 

which, together to (16.280 . proves (16.301) . Next, consider (I6.3ip . By (14.150 . for any 
X e Sj that contains a given B e Bj{D) (if L > 8 then X* C D*) 

\\Q^icp',X)-'Q^iif',X)U,T,i^,,x) < Cia)A-\''\^\K - kU,T,GfU{v',D) ; (6.39) 

then, as \D*\ < AS, replace C{a)A-\^\^ with C(A, a)A-(i+'^)l^*l^+i. Besides, for any 
Y G iSj+i that contains a given block D G Bj+i, by the second order computation 
in in Appendix IC.21 

||Q,(y.',F)-g,(^',F)|U,T,(^',y) 

< C{L, a)Eo [\sj -s,\ + \zj - zj\j Gfl,{if', D) ; (6.40) 

again we replace C{L,a) with C{A, L,a)A-^^+''^\^*\^+^ as \D*\j+i < AS. Together, 
(16.391) and (16.400 prove (16.310 . Bounds so far have been straightforward conse- 
quences of the properties of the norms. As announced, bound (16.320 is slightly 
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more sophisticated because requires Lemma 16.11 



X=Y 



XdV; 



dt 



zeCjiX) 



JU,i^,Y\X)+(l-t)U,iv,Y\X) 



X=Y 



^Ui{v>,Y\X) 



j2 n [Kj{^,z)-k,{v,z)] n ^^■(v''^) 

(6.41) 



Xoe{{x))j zeCjiXo) 



ZeCj{X\Xo) 



where {{X))j is the family of sets made of unions of connected parts of X, empty set 
excluded. Therefore, using the factorization property flS.lSp and previous bounds 



\K,{^,Y)-K,{v,Y)U,T, 



X=Y 



< 



\Sj Sj \ + \Zj Zj\ 



xev^ 

X=Y 



+ eo'\\K^-K,\\H,T,G,{v,Y) J2 2l^\^lMl^^WU-l^l^£|f^-(''^l 

xev^ 

X=Y 

< eo\ICj-}C,U, C'iaf\^ i^Sof'^''^^ (6.42) 



In order to extract the factor A and, at the same time, to control the 

sum over X, which is made of no more than 2l^l^ = 2^'l'^l^+i terms, use f l6.26p and 
obtain 

^_|X|,^-8(l+2r,)|C,(X)| ^ ^-{l+2,,)|y|, + i _ j^g^^g^j 

Therefore, for AA^'^-^'^'^'^ho < 1, bound f l6.42p is smaller than 

A-(^+m..eo\}C, - /C,|,„, G,(^, Y) (^(a)^'^-^) AA'^'+'^ho ; (6.44) 

finally, for A large enough, C{a)^^A~'i < 1 and choosing C{A,a,L) > 4^^(1+2^?)^ 

\\K,i^,Y)-k,i^,Y)U,T,i^,,y) 

< C(A,L,«)A-(^+^)l^l^+^£2|^, -/C,|,„, G,{y^,Y) . (6.45) 

To conclude, (16.320 follows from fl6.3ip and (I6.45p . This completes the proof. ■ 
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6.4 Proof of Theorem 13.51 

We need an explicit formula for TZj^Sj, Zj, Kj). Expanding (14.331) we obtain: 



Cj + i(JfoUXi)>l 



-f,|Ty|+t/,-+i(<pMy\y') _ 



E, C)i?f (y^', 0] Jf'"'^''\v>') ■ (6.46) 



Next, we have to remove the part CjKj-. to this purpose, further expand the first 
term in the r.h.s. of fl6.46p 



D=Y' 



DoUDi=Y' 

^ E, [P,(v,', C, D)] + - C> Do)P,i^', C, D,)] 



Z=Y' 



Z6Pj + i 
|Z|j + l>3 



and also further expand the second line of the r.h.s. member of fl6.46p 



D=Y' 



E,[R,{^', (,¥')]+ E E JA^'^D,Y) 

YeSj+i DeBj+i(Y) 



Cj + i(XoUXi)>l 
|Z|j + l+Cj + l(Jf0UJfl)>2 



(6.47) 



(6.48) 



Grouping together the above decompositions and definition (I4.12p . we obtain 



(6.49) 
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where the eight summands are 

D=Y' 



% [P^{^\ C, m + £j\D\ + C/,-+i((^', D) 

1, 



E, [Uj{cp, D)] - -E [V,{ip, D); V,{^, D)] 



D=Y' 

E 



% [Wj{sj+i, zj+,, if, D)] - Ej [Wj{sj, zj, cp, D)] 



A)UDi=y' 

Oo,OieBj+i 



E^[Pj{^',C,Do)Pj{^',C,D,)] 



Ej[Vj{ip,Doy,Vj{ip,D,] 



C^+i(XoUXi)>l 
|Z|j+l+C3+i(XoUXi)>2 



Cj+i(XoUXi)>l 



Z=Y' 



nfi^', Y') (e-^^l^'l - l) E, ()] + ^ E, ()] 



l^lj+l>3 



E 

x'ePi 



,Uj(v,Y'\X') 



i) n 



(6.50) 



January 19, 2013 



35 



Notice that, for j = 0, we instead have 



D=Y' 



DeBi 



Eo [Po(<^', C, D)] + ^ilZ^I + V^{v\ D) - El [V^{^, D)] 



Z=Y' 



(6.51) 



IZIi >2 



Then, Lemma [3.51 is a direct consequence of the following result. 



Lemma 6.3 There exists C{A,L,a) > 1 such that, for Eq small enough, any K,j 
and )Cj with l/Cjl^gj, \}Cj\eo,j < 1 (ind Y' G "Pj+i-' if j=0. 



\\T^o - ^o|U,To < C{A, L, a)eo \s - s\ + \z - z\ 
while, if j = 1, . . . , R — 1, 

II^M < CiA,L,a)el\K:,-K:,U,, 

for any m = 1, 2, . . . , 8. 



(6.52) 



(6.53) 



Remark. Many details of the construction of -ft'j+i out of Kj and f/j, (14.331) . are 
designed with the goal of having (16.521) . (I6.53p . In particular, the preliminary re- 
blocking of Kj, with support on j-polymers, into Kj, with support on j + 1-polymers 
- a step not done in [5] - seems necessary here to obtain (I6.55P form (I6.54p through 
the new integration property (I5.16p . 

Proof. First consider 7^^^^ that is the most instructive term. By Lemma 16.21 its 
bound is made of three kind of factors: a product of field regulators; a product 
of y4~^'s; a product of ||/Cj||/t,T/s and (^(A, L, a)'s. The field regulators stemming 
from the Pj and Rj factors can be merged together by Lemma I5.lt given disjoint 
Z,Xi E Vj+i, 

n [Gf{^,D) + GfU{v',D)] n [G,{y^,Y) + Gfl,{^',Y)] 



< Gfl,{^',Z\W,)Gfl,{^',X^\W2)G,{^,W,VJW2) (6.54) 

WiePj+i(z) 

where ((Xi))j+i is the collections of subsets of Xi made of unions of connected parts 
of Xi. There are no more than 2^'^^+^'^'^^'>^^^'^^^+^ terms in the sum above. Then take 
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the expectation Kj in (16.541) using (I5.16p . and merge also the (strong) field regulators 
stemming from the bounds for the Jj's factors, to obtain the upper bound for (I6.54p 

2|c,+i(Xi)|+|z|,+i2i'l^iu^b+iG'^.^i(,^', UyDy UXiUZ) . (6.55) 

Next, collect all the factors from the bounds of -P/s, i?j's and Jj's to obtain 
j[-i^+v)\y Finally, since the variation in the vector JCj can occur in each of the 
factors, that are no more than |y we obtain: 

\\nf\^'X)-'jzf\v'X)\\,,r,i,',Y') 

[2C(A,L,a)eo]'^'^+'^'"^^+'^^°''^'^' • (6.56) 

Cj + i(XoUXi)>l 
|Z|j + l+C^ + l(XoUXi)>2 

Notice the following facts: the number of term in the sum is not bigger than 
4l^'lj+i4lCj+i(^o)l- if ig small enough, 8C{A, L, a)eo < 1; by the constraint on 
the sum there is a least factor [8C(y4, L, a)6o]^ in each summand; finally, for A large 
enough, (v4-''2(^'+2))l^'l^+i|r|j+i < 1. Therefore, for C'{A,L,A) > [8C{A,L,a)f, 
an upper bound for f l6.56p is 

C'{A,L,a)el\)C, - /C,|,„,,G',+i(v.', y')^^""'^+^ • (6-57) 

This proves ( 16.53P for m = 4. Now consider TZf^- It can be recasted as 

Cj + i(XoUXi)>l Wo£Vj(W) 

■ E, [Pf{^', ORf^i^', 0] n {e^^^'^-''^^^ - l) . (6.58) 

Bound (I6.53P for m = 5 follows, mostly, as for m = 4; so we just stress one detail: 
after field regulators are multiplied and integrated, we have to merge strong field 
regulators originated by the bound on (possibly, the variation of) Jj's, but also 
g-(7j+i(</3 ,Di) _ ]^?g. g^j^^ ^y. construction, the final bound for the field regulators is 
Gj+i{Lp',Y'), as wanted. 

Bounds ( 16.53P for m = 7, 8 can be obtained in the very same fashion as ( ]6.32p : 
while cases m = 1, 2, 3, 6 are even simpler than the previous ones. This completes 
the proof of Lemma 13.51 ■ 
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7 Stable Manifold Theorem 



In this discussion, Then, a natural way to recast f l3.14p is 

■^i+i = ~ ^^j + ii-^j^ ^i' ^j) 

Kj+i = C,j{Kj) + IZji^Zj, Sj, Kj) 
for a = a{L) and b = h{L) given in Lemma [3 -H and 

J'jisj, Zj, Kj) := Fj{Kj) — {ttj — a)z: 
M,{s,, z,, K,) := LV^r^(°)A^,(ir,) + - 1 



(7.1) 



.2 

^3 ' 



SjZj . 



(7.2) 



The flow equation for j = is simpler and given in fl3.13p . We want to redefine 
the dynamical system so that it begins at step 1 instead of step (and so to 
absorb the constants a and h). To this purpose, define {,Xj,yj,Wj)j>i such that: 
(xi, W^i) := (6si, v^Zi, 0), while, for j > 2, {xj,yj,Wj) := {bsj, y/abzj, Kj). 
Accordingly the flow equation becomes 



with, for j = 1 and A 



Xj+i - Xj = -Vj + J^j{xj, yj, Wj) 

Vj+i - Vj = -XjVj + Mj^Xj, Vj, Wj) 
W,^, = C,{Wj)+n,{x,,y,,W,). 

^2g-4ro{o)' 



(7.3) 



J^i{xi,yi,Wi) ■.= bJ^i{si,zi,no{si,Xzi)) , 
Mj{xi,yi,Wi) := VabMi{si, Zi,no{si, Xzi)) , 
ni{xi,yi,Wi) := Ci(TZo{si, Xzi)) + TZi^Si, Zi,no{si, Xzi)) ; 



(7.4) 



while, for j > 2, 



TZjixj, yj, Wj) := TZjisj, Zj, Kj) , 
^j{xj, yj, Wj):= bJ^jisj, Zj, Kj) , 
Mj{xj,yj,Wj) := \fabMj{sj,Zj,Kj) 



(7.5) 



Then, equations fl3.13p and f l3.14p for the RG flow are equivalent to (17. 3p . Note the 
following consequences of Lemmas 13. ![ 13. 3[ 13.41 and 13.51 if < Sj 
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and llVTjlUj, \\Wj\\h,j < e], 



I W^) - J^j{xj,yj, Wj) I < C{L)L 4 \y^. - y^.\ 

+ C{L)A~^ \\\Wj - W^\\h,T, + ^j^el{\xl - xi| + - 



(7.6) 



\Mj{xj, yj, Wj) - Mj{xj, yj, Wj)\ < cL * \yj - yj\ + C{L)L 4 \xjyj - xjij^l 

+ C{L)A~' \\\W, - W,\\h,T, + Sj,M\x, - ill + \y, - y,\)] (7.7) 



\n,{xj, yj, Wj) - nj{xj,yj, Wj)\ < ciL-"^ + A-'')S,,iei{\xi - xi\ + \yi - yi\) 



+ C{A,L) 



Ej \Xj 



I + ^1 1 Vj -yj\+ Wj- \\h,T, 



{11 



The RG equations that we are describing here are well defined, and so considered, 
in "infinite volume", i.e. for any j > 1 and with polymer activities defined on 7?. 
Theorem 13.61 (which is about the RG on finite lattice A and with j = 1, . . . , i?) will 
be a corollary of the following result - see the remark after the proof. Hypotheses 
slightly more general than what we need, since Wi is not assumed to be 0. 

Theorem 7.1 Consider the solution of ^7.3^ with initial data {xi,yi, Wi). If L and 
A are large enough, if \yi\ < si for a small e\ = £i{A,L) and if ||W^i||/i,Ti is small 
enough w.r.t \yi\, there exist xi = S(yi) such that \xi\ < 26i and 



(7.9) 



- iQjl + 0{j 2) , yj = qj + 0{j 2) , 
where qj is the same defined in l{3.19\) with qi := yi. 

Proof. Without loss of generality, assume yi positive. The strategy - partially in- 
spired to [in] - is to mimic the treatment of the continuous version of fl7.3p . We look 
for a solution {xj, yj, Wj) of (17.31) into the form xj = qj + uj, yj = qj + Vj, where uj, 
Vj, Wj are unknowns with initial data ui = xi — yi, vi = and Wi. By the identity 
g^+i — qj = —qjqj+i, the equations for Uj and Vj are 



Uj^i — Uj = —2vjqj + Ujiuj, Vj, Wj) 



(7.10) 



for Uj{uj,Vj,Wj) 



-v^ - qhj+i + Tj{xj, Vj, Wj) and Vj{uj, Vj, Wj 



-UjVj - 



QjQj+i +A4j{xj, yj, Wj). In order to diagonalize the linear part, introduce the stable 



direction, Wj 
data wf = w]^ 



Uj + 2vj, and the unstable direction, Wj 
= xi — yi and satisfy 



■Vj, that have initial 



w 



w 



i+i 
'7+1 



= (-2g,+i + qLi)wl + W+(m„ v„ W,) 



W.iu„v„W,) 



(7.11) 
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for := Uj + 2Vj + [2qj — qj+i]qj^iW^ and Wj' := Uj — Vj (changing the hnear 
order of the former equation into (— 2gj+i + q'^^i)wj~, up to a correction 0[q^)w~j 
that is absorbed into Wj", will make easier the next step). Since qj is strictly 
positive, w'j is driven to zero by the linear term in any case; whereas wj converges 
to zero only for a special initial Wi = Wi = xi—yi, to be found. With some simple 
algebra, turn (17. lip , together to the condition = 0, into a form that resembles 
the integral equation for the continuous flow: 

s>j 

i-1 

W, = C,^i,iW, + Y,^,~i,s-,iW'Auj,v„W,) (7.12) 

s=l 

for Cri,m ■= C,n° C.n~\ o ■ ■ ■ o Cm and W^j{uj,Vj,Wj) := nj{xj,yj,Kj). (As in 
standard conventions, when a counter ranges over an empty set, the corresponding 
summation is zero, the corresponding chain of convolutions is the identity.) 
Introduce a vector notation, w = {Wj~,wJ, Wj)j>i, and the norm 

= supmax{(r/ij)"^|w+|, 2(r/ij)^^|wT|, iThjy^\\Wj\\h,Tj} , 

3 

where hj is the sequence hj = yi[l + yi{j — l)]"^ and r > 0. It is easy to see 
that W = {w : ||w|| < 1} is a Banach space. Then define the operator T = 
(J~j^, Tf, Tf)] such that fl7.12p reads w_ = Tw, i.e. 

wl = r;iw), wj = rriw), Wj = r;^iw). (7.13) 

We shall prove that, if r is small enough (independently of A and L), T is a 
contraction of W; then w_ = Tw has a unique solution in W. 
Define pj := 2~^^~^^ and the operators 

T-m := g (-^) ' , Tr (W) := -J^ '-fW. . 

s=i s>j * 

For a = ±, 

\Tf{h')\<Ch,, \Tf{pq)\<Ch,. (7.14) 
By definition of W", for a = ±, if L is large enough, 

|W;(m„ V,, W,)\ < Ch][r^ + gi] + C{L) [p,q] + A-'h]] + CL-"^p,q, ; (7.15) 
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therefore, using f l7.14p . 

|r/(W")| < Ch, p + gi + L--^ + C{L){A-^ + q,)j . (7.16) 

Now consider two vectors in W, w = {uj, vj, Wj)j and w = {uj, vj, Wj)j; then 
\Wf{u„v„W,)-Wf{u„v„Wj)\ 

U2 



< C\\w - w\\t M[t + gi] + C{L)A-^M + L^^p.g. 



hence, by fl7.14l) . 

|T/(W") -T/(VV")| <C\\w-w\\Th, T + qi + L-'i +C{L)A'^ 



(7.17) 



(7.18) 



Finally, from f l7.16p and fl7.18p . assuming r small enough so that 16Cr < 1, L large 
enough so that 16CL~4 <t, A large enough so that 1QC{L)A~^C < r and finally 
qi = \yi\ small enough so that 16C{L)qiC < r, 

t/? ■ • t/? ■ 

|T«(>V°)|<— ^ |Tf(W") -T"(W")| < ^ . (7.19) 

z 4 

Now consider the third of fl7.12p . For a polymer activity Wj, define 



^°(>V) = $^A-wW.. 



s=l 



Suppose that || Wj < h'j; if (L + A '') is small enough (c/r. Lemma [3^ . 



By 



and then 



\\iToQ),\\,<Chl 



\W^{u„v„W,)U,T,+,<C L-'> + A-^ + CiA,L)qi 



||r°(>v°^ 



< c 



(7.20) 



(7.21) 



(7.22) 



Besides, given two vectors in W, w = {uj, Vj, Wj)j and w = {itj, Vj, Wj)j, 



j+1 



< r\\w - w\\C [L-"^ + A"^ + C(A L)qi] h] . 

and using fl7.20p again, 

117^0(^0) _ ^O(-^O) 11^^^^ <r\\w- w\\C [L"'^ + A"" + C{A, L)q,] h] . 



(7.23) 



(7.24) 
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For L and A large enough, AC[L ^ + A ^] < r^; then, for qi small enough, 
4:C{A,L,a)qiC < r^; then 



||T,"(W")|U,^^, < {rhjr , \\T;{m-T^{W')h,T, < ^^\\w-w\\ . (7.25) 
Finally, consider the operator T. By ( I7.19P and ( I7.25p . if w G 

\T^{w)\ < f^Vkrl + < rh, , \Tr{w)\ < |Tr(>V-)| < 



l|7?(^)IU,T, < < (A-)' ; (7.26) 

and, if m;, u; G W, with similar derivation 

||7?(«;)-7?(m)|U,T,<^. (7.27) 
Hence T is a contraction on W with norm 1/2. The Theorem is proven. ■ 

Remark. Using the same choice S(?/i) for xi found above in the infinite- volume 
case, the very same bounds for the decay of Xj,yj, Wj are valid also for the finite- 
volume RG flow. In fact, the flows of xj and yj are unchanged, for Fj and Aij are 
built out of W/s living on small sets only. The flow of Wj, instead, is changed, but 
only when the support of Wj is a polymer that wraps around the torus A - a non- 
small at any scale j = 1, 2, . . . , i? — 1: since Wj is anyways a stable (z. e. contracting) 
direction of the flow, this change does not require a different initial datum {xi,yi). 
Therefore, Theorem 17.11 indirectly implies Theorem 13.61 

A Functional Integral Formula 
A.l Siegert-Kac transformation 

We begin with stressing two properties of the lattice Yukawa potential in two di- 
mensions, (12. 3p . First, the self-energy of a particle, 

WA{0;m) = ±- Y: , \, . (A.l) 

is positive divergent. Next, if we deflne the normalized interaction WA{x\0;m) : = 
Wa{x; m) — VFa(0; m), we flnd 

iyA(x|0):= liml^A(x|0;m) = — ^ ; (A.2) 
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then, in the infinite volume, Vr(x|0) := hniA-s-oo W^A(a^|0) has large behavior 

W{x\0) = -^In\x\ + 0{1) , (A.3) 

which is what is called the Coulomb potential in two-dimensions. Now consider 
(12. 4p written in terms of normalized interactions and self-energies. 



1 " 1 / " \ 

HK{u]ni) = 2 (TiajWK{xi -Xj|0;m) + ^ ( 1 

i,j=l \i=l / 



2 

iyA(0;m). (A.4) 



As consequence of (]A.2p and (]A.3p . in the limit m — )■ 0, the latter term of (]A.4p 



assign an infinite energy, i.e. a zero probabilistic weight, to configurations of f2„ 
that are not globally neutral. For neutral configurations, instead, the latter term 
is zero and the particle interacts through the normalized potential. This justifies 
the use of the Yukawa potential as regularization of the Coulomb one. Notice that 
W!>^{x]m) is positive definite and thus e'^^*^^''^"^ < 1; then, in the formula for the 
partition function, the sum on n can be taken before the limit m — )■ 0, for the 
resulting series is convergent uniformly in m: 

Zj,{/3) = hm y ^ y e-^^'^^-^"^) . (A.5) 

71>0 Ul^^n 

Now we introduce the Siegert-Kac construction. Since WtXx\ m) is strictly-positive 
definite, introduce at any site s G A a random variable, or 'field', ipx, with Gaussian 
measure dPRfi{ip;m) determined by 

j dPRfiiip; m) = , J dPRfi{ip; m) ip^ipy = WAix ~y;m) . 

Accordingly, Boltzmann weights of a given configuration in f2„ can be re-written as 
characteristic functions of the Gaussian measure 



J dPRfl rr?j exp (^i ^ 



Notice that at this point of the analysis the Gaussian measure is finite-dimensional 
and non-degenerate; then its density has an explicit formula. For RG analysis 
purposes, we want to consider a part of the Gaussian density as an integrand: for 
any s G [0, 1/2], if a"^ := /3(1 — s) and replacing m with 



dPR,o i^-^; = dPn,o (^;m) exp |^ g(9'^¥,.)2}Arl/^(.; m) (A.6) 
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where A/a takes into account the different normahzation of the two measures 

With some algebra, the functional integral representation of the partition function 
of the Coulomb Gas is 

Za(/3) = hm / dPR,o{^; m) e^^'^^ (A.8) 

m->0 J 

for V given by (13.51) . To obtain (13. ip we need a decomposition of the fields. 
A. 2 Multiscale decomposition. 

Suppose there exist positive-definite functions To{x; m), Ti{x; m), . . . , Tr_i{x; m) 
and r>/j(x; m) such that 

R-l 

W\{x] ni) = rj(x; m) + T>Ft{x; m) . (A. 9) 

j=0 

By standard theory of (finite dimensional) Gaussian processes, ip can be decomposed 
into -R + 1 random variables, 

= + e-'^ + ■ ■ ■ + 

that are independent and Gaussian: 

dPR,o{y^; m) = dP>R{('^''^; m) dPn^iiC'^''-'^ ; m) ■ ■ ■ dPoiC^""-'^ ; m) (A.IO) 

for dPj and dP>R Gaussian measures with covariances Tj and r>^, respectively. 

Decomposition (1A.9P can be obtained in many ways. Here we take advantage 
of a similar decomposition for W{x;m), the massive covariance for the infinite 
lattice, Z^, derived in [9], but implemented on a finer set of scales (c/r. Sec. iDj) . 
Suppose L = 7^^, for 7 and M positive integers; 7 odd. The decomposition of the 
covariance that we shall consider is done on scales 7^*, for integer h > 0. Define, for 
j=0,...,i?-l, 

■= {j + ^logi 7 I ^ = 0, 1 . . . , M - 1} ; (A.ll) 
also, define Qh := [—n'j^ , Ti'y^] and Q := Qq. 

Theorem A.l There exists a positive-definite T>ji{x; m) and, for any j = 0, 1, . . . , i?- 
1 and any s G a positive- definite Cs{x;m) such that 

R-l 

iy(a;; m) = rj(x; m) + r>/j(a;; m) , Tj{x;m)= Cs{x;m) , (A. 12) 
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with Cs{x;m) = if \x\ = max{a;o, a^i} > Y^^^^f^- Besides, for any h/M G 
there exists Fh{p;m), defined for p G Qh, such that, if h = sM, 



T>n{x;m) = / —4 — --^Fmr(7*^^p; m) . (A.13) 



d'^p e*^^ 
(27r)2 m^-A{p) 

The proof (without the finer scales, i.e. for 7 replaced by 12L) is in |9]. Notice that, 
as opposed to the full interactions Wa{x; m) or W{x] m) that are strictly positive- 
definite, the Cs's might be positive-definite only, i.e. the corresponding Gaussian 
measure might be degenerate. Anyways notice that, for example, if Cg = QgO for 
positive-definite gs, and if Kq is the expectation w.r.t. the Gaussian measure with 
covariance C{x — y), then, for any integrable function F, 

EcAF{z)]=Ej[Fig,oz)] (A.14) 

where I{x — y) := 5x,y and hence strictly positive-definite (see App. of [13j). 

There is a standard way to construct the periodic Wx{x]m) out of its infinite 
volume version W{x;m), 

Wk{x- m) = ^ W{x + L^y; m) . (A.15) 

By finite support of Cg, ^j{x; m) = if |a;| > therefore by simple arguments 

f[02|) . through flAlSl) . implies fEOj) for 



— 1 V ^ e*^^ 

Tj{x; m) = Tj{x; m) , T>r{x; m) = — — ^—Fmr{L\, m) . (A.16) 

pgA, m? - A{p) 

[9] provides also some properties of Fh{p; m)'s that we shall need below. 

Lemma A. 2 Given an integer h > 0, for n = 1,2, . . . , h, there are complex func- 
tions Ah,n{p,fn) , defined and differentiable for p G Qh and m in a neighborhood of 
0, such that 

h-l 

Fo{p;m) = 1 , Fh{p;m) = JJ |A,,,„(p,m)p . 

n=0 

Besides, there exists a constant c = 0(7) such that 

\Ah,n{p;m)\<l , (A. 17) 

A,,„(0;0) = 1 , |1 -l,,„(p;0)| < cb|7-('^-"^ , (A.18) 
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\Ah,n{p;m)\ < 



\Ah,n{p; 0) - Ah+i,n+i{p; 0)| < 207"" 



(A.19) 
(A.20) 



W.r.t. p], here we abridged the notation A'^^f^_^{Rh-n){p) into Ah^n{p]1^^rn). 
Therefore the above estimates ( 1A.17I) . ( 1A.18I) . (IA.19I) (1A.20I) correspond to formula 
(3.12), formula (6.17), Lemma 5.4 and Lemma 6.7 of [9], respectively; to optimize 
the constants, read off that paper the case n = 1 only; the other values of n can be 
obtained by scaling (3.26) of [9]. 

A direct consequence of flA.17|) . (IA.18|) and (IA.19P is that 



0<l-Ff,{p-0) = c\p\ 



\Fh{p;m)\ < 



l+p^ 



(A.21) 



Now we can complete the proof of (13. ip . Define dPR_i^o{(p; m) as the Gaussian 
measure corresponding to the covariance Tji_i^q{x; m) = Tji_i{x; m) + Vr_2{x] m) + 
• • ■ + ro(a;; m), and neglect the m dependence in measures when m = 0, i.e. 

dPR.ifli^) ■= dPR.i^oiV: 0) , dPj{^) ■= dPjiif; 0) . 

(13. ip is a consequence of the following result. 

Lemma A. 3 

hm / dPn^oi^; m) e^(^) = lim / dP^C, m) [ dP^^M e^'^^^'"^ • (A.22) 

m— >0 J m— !>0 J ~ J 

Proof. It is an explicit check. For masses m and m', define the Yukawa potential 

1 ^ r/j_i,o(j9;m') +f>H(j9;m) 

Ta(x; m, m') := ^ e'^^' • (A.23) 

M^l p6A. 1 + s r«_i,o(p; m') + r>jj(p; m) A{p) 

In particular, notice that Wa{x; = Ta(x; m, m). Consider Ta(x; m, 0) instead: 

it is well-defined and positive-definite; TA(0;m, 0) is positive divergent for m -> 0; 
and TA(a;|0) := \imm^o[TA{x;m,0) — TA(0;m,0)] = PVA(a;|0). This means that 
there is no change in flA.5P if we replace W\{x; Jl^^ ) with T/^{x;m,0). The r.h.s. 
member of ( ]A.22p stems from repeating all the derivations of Section lA.ll for the 
latter potential. ■ 
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A. 3 Explicit Computations 

In order to prove (13 ■4p and fl3.15p we need explicit computations that involve the 
covariances. For p G M?, consider the differentiable function u{p) = lim/i_>.oo Fh{p; 0); 
and define the covariance 

By construction, u{0) = 1 and, uniformly in i), limp^oo u{p cos i), p sin i)) = 
Lemma A. 4 For any j = 0,1, . . . , R — 1 and s G Ijj+i, if h = sM , 
\Cs{x- 0) - C{-i-^x)\ < c-i--i , \d^Cs{x; 0) - 7~'^C7'^(7-'^a;)| < 07"^ , (A.25) 

where the upper label ,/i indicates the continuous derivative (as opposed to that 
is the lattice one). 

As consequence, C{x) = lim/i_i.oo Cs{j^x; 0), and C(a;) = if |x| > 7/2. 
Proof. We discuss the details for the former inequality only; for the latter the argu- 
ment is similar. Consider the formula for the Fourier transform of the covariance 
Ch given in flA.lSp for m = 0: the idea is to replace the /i-dependent cutoff function 
Fh{p', 0) with u{p); and to replace —A{p) with p"^ and the interval of integration Q 
with M^. We have to prove that the errors so generated are 0(7"''^) for some > 0. 
Up e Q, -A{p) > {4p^/it'^) and \p'^ + A{p)\ < {y/2/3)\p\^; then, by the second of 
(1X2T]) . 



1 1 

-A{p) 



Fh(7V;0)<n i^|\ 14 - (A-26) 
\p\ 1 + |7>|^ 



The replacement of A (p) with in Cg gives an error not larger than the integral of 
( 1A.26I) over R^, which is 0(7"'^). Add and subtract u{'y^p) and u{'~f^^^p) in place 
of Fhij'^p; 0) and Fh^i^-^^^^p; 0), respectively, to get 

d^P jxpUil^P) - '^il^^^P) , f d^P jxp Fhh^P]0) -ujj^p) 



Now assume that (proof is below) 

d'^p \Fh{p;0) - u{p)\ . _ H 



[2t[Y p^ 

flA.27p and flA.28P directly give flA.25p . We are only left with proving assumption 
flA.28p . that is a consequence of 
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for any h > h' > 0. Define 

h h 



0^{p) := n I^m(p;0)P - n l^/.+i,n+i(p;0)p 

h 1 h 

5^[|l,,^(p;0)|2-|l,+i,^+i(p;0)|2] J]|l,,„(p;0)|2 J] 0) p 



m=l 71=1 n=m+l 

ft 

^ , ^ , _ < , o I "1 r , ^ - _ V , n 1 



1 - |l,+i,i(p;0)|2j J] |l,+i,„+i(p;0)p := J]0,,^(p) ; (A.30) 



tlien, using f[07l) . flXISj) . (1X19]) and (OO]), for < m < /i, 

min{7-™, |p|7-('^-™)} 



|0;,,^(j9)| <C(7)- 



1 



,4 



therefore 

(when m < /i/2, use the bound |p|7~('^~™); when m > /i/2, use the bound |j9|7^(^^™) 
for the integration over \p\ < 7"'^/^ and the bound 7"™ for the integration over 
< < 1 and IpI > 1). This proves flA^Oj) . ■ 



A.3.1 Proof of (13:41) 

Integrating in polar coordinates, only using that u(0) = 1 and linip^oo u{p cos 'd, p sin -d) 
0, 

M follows. 

A.3.2 Proof of Lemma Em 

A preliminary result is that, for large 

roo,o(x|0):= /"^(e*P^-l)^ = -^ln|x|+c + o(l). (A.32) 



(27r)2 ' ' p2 271 

This formula is an easy consequence of the decomposition of the integral into three 
parts: for Ii = {\p\ < \x\^^} and I2 = {\p\ > la^l^"*^}, the above integral is equal to 
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the only term that is divergent for large is the third, and its leading term can 
be explicitly computed. Now consider the coefficient aj. Let Whj and Tj{0\y) be 
the same function defined in Sec J4.2[ but with C{'y~^x) in place of Cs{x). It is not 
difficult to see, also using (IA.25|) . that an equivalent formula for the coefficient aj 
is, up to 0{L~i) errors. 



a 



y / d'y \w,^,{y) (e"'^ - 1 ) + e"" (e" ^^^^^ - 1 ) L-'^ 



a 

T 



d'yy' 



n=0 



n=0 



(A.33) 



for 



'in 



From now on we only consider the case = 87r. Since Rn ^\y) = L'^Rn+iiyL), 
(1A.33P becomes 



a 
~2 



a 



Hy)-w{yL-')]+OiL- 



(A.34) 



for w{y) = y^e "^r°°>o(o|y) g^^^ ^-j^g error 0{L ^) in the first line is due to the 
replacement of i(0|?/) with Foo,i(0|y). The last integral can be computed in polar 
coordinates only using the fact that w(0) = and, by ( 1A.32I) . limy_>oo ^(y) = e'^. 
This proves the first of (13. 151) . 

Now consider the coefficient hj (still With the same argument used 

for ttj, an equivalent formula for bj is, up to an error term 0{L~i), 



a 

T 



fj,=e 



(A.35) 



As T'j^_^ Q{y) = LT'l^^{yL), f lA.35|) becomes, up another error term 0{L 



l^^'^Ayniy) + in'ny) 



fj,=e 



(2vr)2 

This proves the second of fl3.15l) . 



«2 f (pp [u{p)f - HLp)f 



(A.36) 
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B Charged Components 

The following constructions was introduced in [T¥]. By iteration on scale j, the 
polymer activities are showed to satisfy, for any m G Z, 

K,(^ + ^,X) = K,(^,X). (B.l) 

Accordingly, given X G Vj and a field {ipx}xGX, the function of real variable F{t) := 
Kj[(p + t,X) is smooth and periodic of period 27r/a: expand F{t) in (absolutely 
convergent) Fourier series and, at t = 0, obtain (14. 2p with charged components 



2ir 



K^{q, ^,X):=^jj ds K,{^ + t, X)e-''^^' . (B.2) 

Besides, by properties of the norms and since Gj{ip,X) only depends upon the 
derivatives of ip, 

\\k,iq,^,X)U,T,i^,x) < \\K,iX)U,T,iX)G,iip,X) . (B.3) 

C Lowest Orders Computation 
C.l First Order 

Let B E Bj. An explicit computation of Kj [Vj{ip, B)] yields 



-||5lE(^'^'r,)(o) + \/,+i(.„LV^r^W;^„^',i?). (C.l) 



C.2 Second Order 

Notice the following "cancellations": 



= 0; 

fc=0 



y 



2 



2 
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Let D — B, and B e Bj. An explicit computation yields: 

^Ej [Vj(^, B); Vj(^, D*)] =s5F„,,.+i((^', B) + z]F,j^^(^', B) 

+ B) + B) (C.2) 

where we have defined: 



(C.3) 



E 

cr=± 



F,,,+i(^', B):^^Y1 (e-'^'^^-^^) " l) E E e'""^^^+^^+^^ (C.5) 



<T = ± 



(C.6) 



<j=± 
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Accordingly, by the definitions of Wmj in fl4.25p . 

Wa,,+i{y^', B) + L-^%,,\B\ = B) + ^A^aAv', B)] 

W,,j+i{^\ B) + L-2^'e4j|5| + Vj+i{-aj, 0, fi) = F,,j+i{^\ B) + E,-[W^b,,((^, B)] 
5) = B) + 5)] 

iy,,,+i(</.', B) + V^,+i(0, -L2e-^r^(°)6„ B) = F,,,+i(</.', S) + B)] 

(C.7) 

wliere 63 j and 64 j are defined in (14.241) . 

C.3 Estimates for Wj 

Let B e By If \y\ < L"+V2, uniformly in j 

|r,_i,„+i(o)-r,_i,„+i(i/)| <c, 



|r,-i.„+i(0) + r,-i,„+i(y) - (j - n - 1)- lnL| < c 

TT 



Accordingly, 



L'' E 1^1 ^ ^(^) ' E 1^1' ^ C'(L) , (C.8) 

L^El^^-^(^)N^I<C(i^)- (C.9) 
The above inequalities yield 



\\Wa,j{s,Z,^,B)\\h^T,{v,B) 



< ^'C'(L) (^1 + max || V>||i..(^.)) (C.IO) 
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\Wbj{s,z,ip,B)\\h,T,{^,B) < z^C{a,L) ^ \wb,j{y)\ \yf ■ 

■\B\ J2 sup ||(9V)' + (5^5^V'.)(5V.)IU,T,(^,B) 

— _x,zGB 
IJ,,u,p=e L 



< z^C{a, L){l + max \\V]ip\\loo^B') ] (Cll) 
\\W,,{s,z,^,B)U,T,i^,B) < z'C{a) J2 My)\ \B\ < z'C{L,a) (C.12) 

\\w,,{s,z,cp,B)u^T,i^^B) < \zs\cia)J2J2[KM + My)\\y\]- 

• |S| sup Ud''ip^)\\h,T,{^,B) 

< \zs\Cia, L) + max || V>||i..(^.)^ (C.13) 
All together these bounds give (16.341) . 



D Proof of Lemma 15.2 



The goal in to implement the idea of finer decomposition of the covariances, [7], 
in order to have control over the different field regulators needed for the Coulomb 
Gas. By flA.12p . decompose the covariances and the field 

r,(x)= c*.!^), Ci^'^= E ^^^^ (D-i) 

so that ^'t^ is a Gaussian random field with covariance Es[^^'^^y^'^] = Cs{x — y), 
with range L'^+^°'^lJ^2 = U'^'"^^'^ /2 and typical momentum = L^^^~'^ . The 
notation for the fields is now 

d'^=vi''^+e^ (D.2) 

for s' = s + log]^ 7. It is clear how to extend previous definitions to have s-blocks, 
s-polymers, norms and Gs field regulators. We use to indicate the closure of 
the set X on scale s (hence, for any j— polymer, X Xj = X and Xj^i = X). Given 
C4 > 0, define (c/r. (ISAOD ) 

\ng,{^,X,) = c,KL Yl W,{V:^,Xsf. (D.3) 

n=0,l,2 
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Lemma D.l There exists a choice of the constants Ci, C3, C4 and 7 such that: 

1) for any X G V^, 

Gs{v^''\X,) < a^^''\XM&\X,) ■ (D.4) 

2) for any X G Sg, 

G,{^^'\X) < GAy^^'''\X,,f/'g,{^^'\Xs) . (D.5) 
Proof. Only in this proof, let us shorten the notations 

^is)^ ^{s')^ ^{s)^ and X,, 

into (f, ip', ^, X and X, respectively. Since ip = ip' + ^, for any < a < 1, by 
discreet partial integration (see (6.117) of [5j) 

||V,<^||i2(^) < ||Vy||i2(jf) + a||Vs<^'||i2(gjf) + a||Vy||i2(x) 

whereas, by squaring triangular inequalities 

l|VsV5||i2(ax) < 2||Vs</3'||i2(ax) + 2||V,^||i2(ax) , (D.7) 

Ws{Vl^,Xf < 2Ws{Vly^',Xf + 2W,{V%Xf . (D.8) 
Collecting the last three formulas, by (6.110) of [5J, 

lnG,((^,X) < CiKl\\VsV'\\12^x) + fsf^Lll"^ s^'W^^dx) + fiULWsiVlcp' , Xf 

+f^^L W^s(V:e,^)' (D.9) 

n.=0,l,2 

for /s = aci + 2c3, /i = (4a + 2)ci < 6ci and /4 = 4cia~^ + 8C3 + 4ci. In order to 
pass to scale s', use the inequality 

W^sVWl.^ax) < ||VVII'2(5X) + c||V.v^1li2(X\x) (D-10) 

for a certain constant c > (for the proof, cfr. the proof of (6.105) of [5]). If a and 
C3 are so small that c/3 < ci, 

lnG,(¥^,X) < ciKlWV s^'Wl^Qc) + /s^^lII V,(/^'l|^2(aX) + 6ci«LVr,(V^V^',X)2 

+Ml 5^ Ws{y:i,xf (D.ii) 

n=0,l,2 

Finally, to restore the old constant C3 and ci in the 2nd and 3rd terms, observe that 
these two terms are irrelevant, i.e. passing to scale s' gives 7~^'s factors: 

IIV7 'l|2 ^ -lllV7 '1|2 
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iy,(Vy,X)2 < j-^WAVW,Xr ; (D.12) 

the first term is, instead, scale invariant (and the fourth is relevant but there is 
no need to scale it). Therefore, for C4 > /4, if 7 is so large that /37~^ < C3 and 
67^^ < 1 f lD.4p is proven. 

Then consider the case when X ^ Sg- If 7 > 8, it is possible to find the polymer 
TX, a translation of X, such that TX is disjoint from X, but (TX)* (IX* 7^ and 
TX C X ; by (6.129) of [5], setting Xt = TXUX and for a c> 0, 

IW'^s^'Whjx) < ||V.^'||i.(^^) + ciy.(vV';^T)' ; (D.13) 

besides, as X and TX have disjoint boundaries, 

||V.^'||i.(9^) < \\Vsv'\\%^axr) ' WsiVlif',Xf < WsiVW^Xr)' . (D.14) 
Multiply both sides of flDlQj) times 3/2; then use f lmsj) and flPTIil) to obtain 



3 3/3 

-lnG,((^,X) < Ci/ti||V,^'||i2(x^) + ^Ki||V,^'||i2(9XT) 



+hKLWsiVlip',XTY + c, Yl W,iV:^,Xf (D.15) 

n=0,l,2 

for ti = 3/1/2 + cci and C4 = 3/4/2. This inequality is of the same form as ( ID.Op . 
except for the fact that X has been replaced by Xt in the first three terms of the 
r.h.s, and the constants are different. Therefore one can proceed as done from (1D.9P 
to obtain (lD.4p : since by construction Xt = X, ( ]D.5p follows for a and C3 small 
enough, and 7 large enough." 

To conclude the proof of Lemma [5.21 we need two results of [5]. 
Lemma D.2 If Kl is small enough (w.r.t 7^^/, for any X eVs 

^s[9s{&\X)\ <e^''^l^l% (D.16) 
where \X\s is the number of s— blocks in X. 
Lemma D.3 For X e Vj 

(l + max||V^+,^(^-+^)|U.(x.))' < ^ [G,^^{v^^^'\X)f' . (D.17) 



January 19, 2013 



55 



The former is Lemma 6.31 of [5J and its hypothesis is fulfilled if M is large enough; 
the latter corresponds to formula (6.127) of 0. Use flD.4p iteratively, then (ID.16p . 
to find, for any X eVj, 



seij,j+i 



(D.18) 



This, for 7 large enough proves (15.161) for \Xs\s < \X\j and ckl = C/\nL = 
C(log^e)/M. In the same fashion, using by (]D.5P iteratively, and then (]D.16P 
(lD.17p . for any X G Sj (so that Xg E Sg for any s), 



(^1 + max ||V;+i<^(^'+^)|Uoo(^*)^ [G,{^^'\X 



< 



l + max||V^+i^(^-+i)|U^(x.)j G%W^+'\X) J] [gs{^^'\ X,)] 



c 



(D.19) 



This proves (IHTTll . (When Gj(¥?(^),X) is replaced by supig[o,i] Gj(t(/?(^+^) + C,^), 
only little changes are required.) 



E Proof of Theorems 15.51 15.61 and 15.7 

For F G N'jiX) and m a positive integer, define 



n>m 



(it corresponds to ( 15. 5p when m = 0). 
Lemma E.l Lei F G A/'j(X) anc? X G Vf 
a) if X E Sj and Xq G X , for {6(p)x '■= ^Px — Vxq and p = 5L~^, 

wmw 

h) given ip G C|(X), zf A := \\il>\\c^(^x) is finite, 

\\F{ip + ilj)\\h,T,{^,x) < ||i^(<^)|U+A,r,(v,x) ; 



(E.l) 



(E.2) 



(E.3) 
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c) for m = 0,2 and any h > 0, 

||Rem„F(OIU,T,(c,x) < {l + h-'Uh 



^x)r sup \\Fm\ 
te[o,i] 



h.Tf"'{t^,X) 



(E.4) 



where the Taylor remainder is in the field ^. 
Proof. (]E.2p follows from the identity 

^ dip. 



and the fact that, for X small, ||^/||c2(x) ^ 5L ^||/||c2^j(x)- (El]) is a direct 
consequence of Taylor series. Consider (IE.4P for m = 2 - the case m = can 
be proved with similar arguments - and set 0{C,) := Rem2-F(^); then using test 
functions /i, /2, • • • such that ||/j||c2(x) ^ for ^ = 0, 1, 2 

-t\D^O{0 ■ {f\, . ■ ■ , fn)\ 

<^ / rfti.^^|D|F(tO-(/l,...,/n,e,...,0| 



{2-n)\ 



< 



3! 3 . hi'^ 

7^ Tl—i ^ sup ||F(tOIU,T3(<^,X) , 

(3 -n)! n! L 3! teio,i] ' 



(E.5) 



whereas, for n > 3, 



^\D-O{0 ■ (/l, • • • , /n)| < ^||i^(OIU,T"(^,X) 



, . , , (E.6) 

The result follows by first summing the terms with n = 0, 1, 2, 3 with the binomial 
theorem, and then summing the terms with n > 3. ■ 



E.l Proof of Theorem 15.6 



Consider the measure Kj and an integrable function F{(f). Factorize the covariance 
into Tj = Qj o and call E/ the Gaussian expectation with covariance I = 
under the imaginary translation Cx + i{gjf)x where / is any test function with 
finite support. 

Now apply this identity with F{(p) = Kj{q, (p, X): calling ^p. := (^jf)x and (dip). '■ = 

(r,/).-(r,/).„,by (O, 



kj{q,ip,X)\ = e^(^'^^--^) Ej- \e-'^^^f'^Kj{q,ip + i'ilj,X) 



Kj{q,ip + i6ip,X) 



(E.7) 
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where {6^^)^ := 6^^^^. Finally, 



IE, 



\h,T,+i(.p',X) 



< el(/.r,/)-ag(5.o.r,/) 



\K,{q,ip + t6^,X)\\h,T, 



(E.8) 



With [H], choose = asgn(g)(5^ -j.^ (see the Remark below) and obtain 



IE, 



Kj{q,ip,X) 



\h,Tj+i{^',X) 



< e-(kl-i)"'r,{o) ^, 



\\Kj{q, if + iSip, X)\\h,T,+iiv',x) 



(E.9) 



This inequality is an important result of [13]. Now consider the expectation on the 
r.h.s. of ( 1E.9P : for p := 5L~^, rj := ( + iSip, A := ||(^'?/'||c?(x); since ||e 



\h,Tj+i{^',X) 



is less than e'^l^l", by gSD, (ESI), (El]), f lR3l) . and for L so large that ph + A < h, 

\\Kjiq,^ + tSi;,X)\\,,T,^,^^,,x)<e''\''\^K^^^^ 

<e^l«l"||K,(g,e + r/,X)||,,,j.^(5,x) 



ph+A,Tj(^,X) 

<e^l«l"||K,(X)|U,T,(x)G,(y.,X). 



(E.IO) 



(The final inequality is a consequence of the fact that Gj{ip,X) depends on the 
derivatives of ip, and then Gj{^ + C,X) = Gj{(p,X).) Finally, plugging ( lE.lOp into 
(lE.9p . for any -d > and L large enough 



||E, K,{q,^,X) 



\h,T,+i(,p',X) 



G,+iiip',X) . (E.ll) 



This inequality proves Theorem 15.61 

Remark. In order to minimize the prefactor in the r.h.s. of ( IE. 81) . one should 

2 

rather choose fx = aq6x,xo'-, then, the prefactor in (IE. 9 1) would be e~~" ^^(o)^ 
heuristic arguments. Though this choice conflicts with the condition ph + A < h, for 
the corresponding A grows with q, whereas the radius of analyticity, h, is assumed 
independent of q. 
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E.2 Proof of Theorem 15.51 

With Taylor remainder in 6ip', by flE.2|) . (IE.4|) . 

||Rem2i^,(0,V + C,^)IU,T,+,(^',x) < i|Rem2 if,(0, ^ + C, X)IIp^,t,(c,x) 



<h+{ph)-'U\\cyx)] sup \\K,{0,t^ + C,X)\\ >^ 



<C{l + LU\\cyx)) P' sup \\K,{0;t^ + C,X)U^T, 



te[o,i] 



< C (l + LUkHx))' L-'\\K,iX)U,T,ix) sup G,(V + C,X) . (E.12) 

(We used that, as p = 5L~^ < 1, then || ■ ||^;^y>3 < ■ \\h,Ty) As X G Sj, 

^llVllcf(x) < C'max||V^+iV5'||L-(x*) • (E.13) 
Therefore, by g^D, (ISTTj) 



llRemaEj- Kj{0,^,X) 



h,Tj+i{^',X) 



< C^\\K,{X)U,T,ix) (i ] G,+i(^',X) 



(E.14) 



which proves Theorem I5.5[ 



E.3 Proof of Theorem 15.7 



Set r]:=C + By ((Ej), (El, (EH]), and since, by definition of /i, | + A < /i, 
||Remo^j(g, V + r/, X)\\h,T,+^{v',x) < ||Remo^j(g, ^ + r], X)\\ph,T,{ti,x) 
<c(l + LU\\cUx)) sup ||ir,(g,te + r/,X)|| >i( ) 
<C'(l + m\cHx))L-' sup ||ir,.(g,te + r7,X)|U 
<C'(l + L||e||c^(x))^-' sup ||i?,(g,te + C,^)IU,T,(€,x) 
<C'(l + LU\\q^x))L-'\\K,iX)U,T, sup G,(V + C,X) 



(E.15) 



In analogy with the derivation of (lE.Op . 



IE, 



ReuioKj^q, Lp, X) 



< e-(kl-|)«^r,(o) 



?i,T,+i(<^',X) 

\\RemoKj{q,(p + iS^jj, X)\\h^T,+^(v>',x) 



(E.16) 
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Then, continuing the chain of inequahties by (IE.13P and flE.15p . f l5.17p . 



IE, 



< e-(kl-|)"'r,(o)gh|g|a£. 



< ,^e-(l'/l-5)"'r,(o)g/i|g|c 



\RemoKj{q,6(p' + T],X)\\h,Tj+i(^',x) 



,3/2 



\K. 



j\\h,T, 



(E.17) 



which proves Theorem 15 .?[ 



Acknowledgements It is a pleasure to thank David Brydges for patient guidance 
during the study of [5], clarifying discussions on [14j and [10], many important 
suggestions - including a crucial one labeled as reference and, most of all, for 
constant support during the (long) writing process. This work is supported by the 
Giorgio and Elena Petronio Fellowship Fund. 



References 

[1] Amit D.J., Goldschmidt Y., Grinstein G.: Renormalisation group analysis of 
the phase transition in the 2D Coulomb gas, Sine- Gordon theory and XY-model. 
J.PhysA 13 585-620 (1980). 

Benfatto G., Gallavotti G., Nicolo F.: The dipole phase in the two- 
dimensional hierarchical Goulomb gas: analyticity and correlations decay. 
Comm.Math.Phys. 106 277-288 (1986). 

Benfatto G., Renn J.: Nontrivial fixed points and screening in the hierarchical 
two-dimensional Coulomb gas. J.Stat. Phys. 67 957-980 (1992). 

Berezinskii V.L.: Destruction of long-range order in one- dimensional and two- 
dimensional systems possessing a continuous symmetry group II. Quantum sys- 
tems Sov.Phys. JETP, 34, 610, (1971) 

Brydges D.C.: Lectures on the Renormalisation Group Park City Lectures. 
(2007) 

Brydges D.C: A rigorous approach to Debye screening in dilute classical 
coulomb systems Comm. Math. Phys. 58 313-350 (1978). 

Brydges D.C: private communication. 

Brydges D.C, Federbush P.: Debye screening Comm.Math.Phys. 129 351-392 
(1990) 



January 19, 2013 



60 



[9] Brydges, D.C., Guadagni G., Mitter P.K.: Finite Range Decomposition of 
Gaussian Processes. J.Stat.Phys. 115 415-449 (2004). 

[10] Brydges, D.C., Slade G.: Weakly self-avoiding walk in dimensions four and 
higher: a renormalisation group analysis. In preparation. 

[11] Brydges D.C., Yau H.T.: Grad tp perturbations of massless Gaussian fields. 
Comm.Math.Phys. 73 197-246 (1980) 

[12] Dimock J. The Kosterlitz-Thouless phase in a hierarchical model. J.Phys.A 23 
1207 (1990). 

[13] Dimock J. Infinite Volume Limit for the Dipole Gas. J.Stat.Phys. 135 393427 
(2009). 

[14] Dimock J., Hurd T.R.: Sine-Gordon Revisited. Ann.H.Poincare 541 499-541 

(2000) . 

[15] Deutsch C., Lavaud M.: Equilibrium properties of a two-dimensional Coulomb 
gas. Phys.Rev.A 9 2598-2616 (1974). 

[16] Guidi L.F., Marchetti D.H.U.: Renormalization Group Flow of the Two- 
Dimensional Hierarchical Coulomb Gas Comm.Math.Phys. 219 671-702 

(2001) . 

[17] Frohhch J., Park Y.M.: Correlation inequalities and the thermodynamic limit 
for classical and quantum continuous systems Comm.Math.Phys. 59 235-266 
(1978). 

[18] Frohhch J., Spencer T.: On the statistical mechanics of classical Coulomb and 
dipole gases. J.Stat.Phys. 24 617-701 (1981). 

[19] Frohhch J., Spencer T.: The Kosterlitz-Thouless transition in two-dimensional 
Abelian spin systems and the Coulomb gas. Comm.Math.Phys. 81 527-602 
(1981) 

[20] Gallavotti G., Nicolo F.: The screening phase transitions in the two- 
dimensional Coulomb gas J.Stat.Phys. 39 133-156 (1985) 

[21] Jose V.J., Kadanoff L.P., Kirkpatrick S. and Nelson D.R.: Renormalization, 
vortices, and symmetry-breaking perturbations in the two-dimensional planar 
model. Phys.Rev.B 16 1217-1241 (1977). 

[22] Kadanoff L.P.: Lattice coulomb gas representations of two-dimensional prob- 
lems. J.Phys.A 11 (1978). 

[23] Kadanoff L.P.: Statistical Physics. Statics, Dynamics and Renormalization. 
World Scientific - Singapore (1999). 



January 19, 2013 



61 



[24] Kappeler T., Pinn K. and Wieczerkowski C: Renormalization group 
flow of a hierarchical Sine- Gordon model by partial differential equations. 
Comm.Math.Phys. 136 357-368 (1991). 

[25] Kosterlitz J. M.: The critical properties of the two-dimensional xy model 
J.Phys.C 7 1046 (1974) 

[26] Kosterlitz J. M., Thouless D. J.: Ordering, metastability and phase transitions 
in two-dimensional systems J.Phys.C 6 1181 (1973) 

[27] Marchctti D.H.U.: Comments on "power-law falloff in the Kosterlitz-Thonless 
phase of a two-dimensional lattice Coulomb gas" J.Stat.Phys. 61 909-911 
(1990). 

[28] Marchetti D.H.U., Klein A.: Power-law falloff in two-dimensional Coulomb 
gases at inverse temperature > Sit. J.Stat.Phys. 64 135-162 (1991) 

[29] Marchetti D.H.U., Klein A., Perez J.F.: Power-law falloff' in the Kosterlitz- 
Thouless phase of a two-dimensional lattice Coulomb gas J.Stat.Phys. 60 137- 
166 (1990) 

[30] Marchetti D.H.U., Perez J.F.: The Kosterlitz- Thouless phase transition in two- 
dimensional hierarchical Coulomb gases J.Stat.Phys. 55 141-156 (1989). 

[31] Mitter P.K., Scoppola B.: Renormalization group approach to interacting poly- 
merised manifolds. Comm.Math.Phys. 209 207-261 (2000). 

[32] Nienhuis B.: Coulomb gas formulation of two-dimensional phase transitions in 
Phase transitions- Vol 11 Ed: Domb C, Lebowitz J L. (1987) 

[33] Nicolo P., Perfetti P.: The sine- Gordon field theory model at o? — 87r, the 
nonsuperrenormalizable theory. Comm.Math.Phys. 123 425-452 (1989). 

[34] Tellez, G: Equation of State in the Fugacity Format for the Two-Dimensional 
Coulomb Gas J.Stat.Phys. 126 281-298 (2007). 

[35] Yang W.S.: Debye screening for two-dimensional Coulomb systems at high 
temperatures J.Stat.Phys. 49 1-32 (1987) 



